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Until recently, obtaining unambiguous data from a nanoindentation 
measurement placed near a free edge has not been possible because the 
discontinuity associated with the edge introduces artifacts into the 
measurement. The primary consequence of a free edge is to introduce 
a structural compliance, Cs, into the measurement. Like the machine 
compliance, Cm, Cs is independent of the size of the indent and it adds to 
the measured unloading compliance; but unlike Cm, Cs is a function 
of position. Accounting for Cs in nanoindentation analyses removes the 
artifacts in nanoindentation measurements associated with the edge,
allowing researchers to more accurately probe material properties near 
an edge. Expressions were obtained for the effect of the free edge on 
hardness and modulus measured using the Oliver-Pharr method. The 
theory was tested on specimens including fused silica, poly(methyl
methacrylate), and alayered silicon-on-insulatorspecimen. 
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1. Introduction 
A key capability of nanoindentation is its ability to probe local mechanical 
properties in specimens that are highly non-uniform. Determining how properties 
change near an edge, such as the interface between phases or a free edge, is often of 
interest. The problem with making those kinds of measurements is that, above and 
beyond any effect associated with changes in properties near the edge, the presence of 
the elastic discontinuity will itself give rise to effects, i.e. artifacts, that make the 
properties (hardness and modulus) appear to change even if the local properties 
remain uniform up to the edge. To increase the accuracy of nanoindentation 
measurements in highly non-uniform specimens, experimenters must be able to 
anticipate and account for these artifacts. Prior researchers have studied this problem 
using finite element simulations (e.g. [1,2]) and analytic modeling (e.g. [3-8]). 
However, those methods lack both theoretical and experimental convenience, and 
they do not provide a general way of assessing artifacts brought about by 
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complicated geometries. In previous articles [9,10], we have found a way to 
simplify the problem by demonstrating that a free edge or heterophase interface 
introduces a ‘structural’ compliance, C,, whose effects can be removed from 
the measurement. 

In this paper, we provide experimenters using the Oliver-Pharr method of data 
analysis [11] a tool to anticipate when free edges will affect their measurements. 
Below, we numerically incorporate an adaptation of Gerber’s theory for the elastic 
contact of a punch against an elastic quarter space [3] into the Oliver-Pharranalysis 
to predict the effect of a nearby free edge on the elastic modulus and hardness 
calculated using the Oliver-Pharranalysis. The numerical results are compared with 
measurements made using nanoindentation close to the free edges of fused silica (FS) 
and poly(methyl methacrylate) (PMMA). We also include data from a layered 
silicon-on-insulator (SOI) specimen to demonstrate that the theory is applicable to 
estimating the magnitude of the artifact near the edges of layered specimens. 
We demonstrate how the measurements of hardness and modulus, based on the 
Oliver-Pharr analysis, become altered in the presence of a nearby free edge, and 
we demonstrate how to correct the analysis to remove the errors. 

2. Theory 
2.1. Standard Oliver-Pharr analysis 
With the Oliver-Pharrmethod [11], the area of a nanoindent, A, is determined based 
on contact depth, hc, defined as 

(1) 

where h0 is the depth immediately prior to unloading, a geometric factor 
approximately equal to 0.75 for a Berkovich indenter, P0 the load immediately prior 
to unloading, and C, the contact compliance, which is the compliance attributable 
to the indenter tip and specimen in a measurement made far from a free edge so that 
the artifacts caused by the edge are negligible. The area of the indent is calculated 
using h, in a calibrated area function A(hc). The Meyer hardness is 

(2) 

The elastic properties of the specimen can be related to Cp according to 

(3) 

where Eeff is an ‘effective’ modulus for contact. For indentation against a 
homogenous, isotropic, elastic half-space, 

(4) 

where E, represents the properties of the specimen and Ed and vd are, respectively, 
the Young’s modulus and Poisson’s ratios of the indenter. For a uniform, isotropic 
specimen Er = Es/(1 - v2 

s) where Es and vs are the specimen Young’s modulus and 
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Poisson’s ratio, respectively. For a layered specimen such as a thin film on substrate, 
E r becomes a function of the size of the indent in relation to the layer thickness. ß is 
a numerical factor, which is usually assumed to be = 1.128 based on the 
approximation of the indenter as a flat, circular punch. Some authors [12-15] have 
reported that this value is too low and that the actual value is closer to 1.2. Finite 
element analysis simulations of cone indentation in rate-sensitive materials reveal 
that ß ranges between 1.16 and 1.22 depending on hardness/modulus ratio [16]. 
At present, we find that 1.23 works best in experiments [9]; however, to be 
consistent with usual practice we employ ß = 1.128 in the Oliver-Pharr-based 
calculations below. ß = 1.23 is used for calculations of modulus that rely on directly 
measuring the areas of indents [9]. 

2.2. Corrected analysis accounting for structural compliance 
A free edge gives rise to a structural compliance, Cs [9]. To accurately determine 
mechanical properties for indents placed near edges, Cs must be taken into account. 
The total measured compliance is Ct = Cp + Cm + Cs. If Ct is multiplied by 
then from Equations (2) and (3) it is shown [9,17] that 

(5) 


where J0 = H/E2
eff  is the Joslin-Oliver[18] parameter. In the remainder of the paper, 

we assume for simplicity sake that the machine compliance, Cm, has already been 
removed from the experimental data and all that remains is the structural 
compliance, in which case, 

(6) 

If J0 is independent of load, 
is a function of load, then the determination of Cs 

then plotted as a function of forms a 
straight line of slope Cs. If J0 is 
less straightforward but can still be achieved. For example, with thin film specimens 
on substrates where most of the indentation size effect comes from the different 
elastic properties of the layers, it is possible to back out the effect using elasticity 
theory to model Cp as a function of the size of the indent [10]. After determining 
C, for a nanoindent, the corresponding load-depth trace can be corrected by 
subtracting the product PCs, where P is the instantaneous load, from the depth. 

2.3. Consequences of not accounting for structural compliance in Oliver-Pharr 
analysis 

A structural compliance produces an error in the measurement of indenter depth, 
which in turn propagates into errors in contact stiffness and area. We denote the 
various quantities that have not been corrected for these errors with superscript u, 
for ‘uncorrected’. The uncorrected contact depth is therefore 

(7) 
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where hu 
0 = h0 + P0Cs and hc is substituted from Equation (1). For an ideal cone- or 

pyramid-shaped indenter, the contact area is 

(8) 

where k is a proportionality factor. Substituting hc from Equation (8) and P0 from 
Equation (2) into Equation (7), we have 

Eliminating the factor inside the brackets from Equation (3) gives 

(9) 

(10) 

Finally, substituting this formula back into the area function we obtain the 
'uncorrected' area, 

(11) 


This expression represents the value of the area calculated from the load-depth 
trace using the Oliver-Pharr approach when there is a structural compliance that 
is not properly accounted for in the analysis. Near a free edge, Cs > 0, so the 
uncorrected area is larger than the actual area. The uncorrected hardness is 
calculated as 

Similarly, the uncorrected effective modulus is 

2.4. Theory for  free edge 
Gerber [3] worked on some problems in elastic contact between a square, rigid punch 
and an elastic quarter space (Figure 1). Jakes et al. [9] analyzed Gerber’s results in 
context of King’s [19] solution for indentation of an elastic half-space to arrive at 
an estimate of the structural compliance caused by a free edge as 

(14) 
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Figure 1. Geometry of the edge problem solved by Gerber [3] and reanalyzed by Jakes et al. 
[9] to provide an estimate for the structural compliance in the form of Equation (14).
The structural compliance is independent of the size of the indent (i.e. A1/2) but depends on 
the distance from the center of the indent to the free edge (d). 

where d is the distance from the edge to the center of the indent. Substituting 
Equation (14) into Equation (11) and using Equation (3), we have 

(15) 

Similarly, 

(16) 

and 

(17) 

According to this analysis, errors in hardness and modulus depend on three 
dimensionless parameters: the size of the indent in relation to the distance to the edge 
(A 1/2 /d), the hardness/modulus ratio (H/E eff), and the Poisson’s ratio (v s). 

Figures 2-4 show the predicted effects using values of k = 24.5, ß = 1.128, and 
= 0.75. For materials with small H/Eeff, the predicted errors in A and H are small. 

The error in Eeff remains important even for low H/Eeff materials. 

3. Experimental 
Experiments were performed on PMMA, FS, and SOI to compare edge effects on 
measurements of hardness with the theory represented by Equations (16) and (17). 
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Figure 2. The theoretical effect of the size of the indent in relation to the distance to the 
edge the hardness/modulus ratio (H/E eff) ,  and the Poisson's ratio (v s) on the area 
determined by the Oliver-Pharr method if the structural compliance caused by the free edge 
is not taken into account. The curves are calculated using Equation (15). 

Figure 3. The theoretical effect of the size of the indent in relation to the distance to the 
edge (A1/2/d), the hardness/modulus ratio (H/Eeff), and the Poisson's ratio (v s) on the modulus 
determined by the Oliver-Pharr method if the structural compliance caused by the free edge is 
not taken into account. The curves are calculated using Equation (17). 

The experimental methods have been described elsewhere [9,10], but some of the 
salient details are repeated here. 

The PMMA specimen was obtained as a 3.33 mm diameter extruded rod (density 
1.1 5 g/cm3) from Cope Plastics, Inc. (Godfrey, Illinois, USA). A 3 mm long cylinder 
was removed from the end for testing and cross-sectioned perpendicular to the 
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Figure 4. The theoretical effect of the size of the indent in relation to the distance to the 
edge (A1/2/d), the hardness/modulus ratio (H/Eeff), and the Poisson’s ratio (v s) on the hardness 
determined by the Oliver-Pharrmethod if the structural compliance caused by the free edge
is not taken into account. The curves are calculated using Equation (16). 

extrusion direction using an ultramicrotome fit with a diamond knife. Next, a free 
edge was created by cutting the cylinder in half at 90° to the testing surface using 
an ultramicrotome fit with a glass knife. Experiments were performed near the 
freshly cut edge. 

The FS was a calibration standard obtained from Hysitron (Minneapolis, 
Minnesota, USA). A location was found along the perimeter of the specimen where 
the edges appeared sharp and perpendicular, and at this location indents were placed 
at various distances from the edge. 

Last, a relaxed SOI specimen prepared through SMART CUTTM technology was 
used for the third set of experiments [20]. The specimen consists of a 65 nm thick 
relaxed silicon layer on top of an insulating, 149 nm thick silicon oxide layer, which is 
deposited on top of a 525 µm thick silicon wafer of (1 00) orientation. The thicknesses 
of the two top layers were measured by a Woollam (Lincoln, Nebraska, USA) 
ellipsometer. Further details about this specimen are given by Miller et al. [20]. In the 
analysis of this specimen, elasticity theory was used to model the effects of 
the different layers on measured stiffness [21]. Some of the indents were placed 
near the free edge of the specimen to examine the combined effects of layers and free 
edge. The free edge was prepared by cleaving the specimen along a (100) surface. 

A Hysitron (Minneapolis, Minnesota, USA) Triboindenter was used to 
perform the experiments. The nanoindenter was equipped with a Berkovich tip, 
and standard methods were used to calculate the machine compliance and area 
function (based on contact stiffness) using a series of indents in the center of the 
fused silica standard. 
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Residual indents were imaged with a Quesant (Agoura Hills, California, USA) 
atomic force microscope (AFM) incorporated in the Triboindenter. AFM images 
allow us to measure the areas of indents and the distances from the center of the 
indents to the free edge of the specimens. The AFM was operated in contact mode. 
For accurate distance and area measurements, the AFM was calibrated using an 
Advanced Surface Microscopy, Inc. (Indianapolis, Indiana, USA) calibration 
standard with a pitch of 292 ± 0.5 nm. Successive scans and calibration routines 
revealed the reproducibility of the AFM calibration to be ±1%. 

Structural compliancewas determined by measuring the unloading compliance as 
a function of load using multi-load indents and then using Equation (6). Details for 
the procedure are given in [9] for FS and in [10] for PMMA and SOI. It is important 
to recognize that both viscoelastic and viscoplastic deformation can affect the 
unloading slope [22-28], especially in glassy polymers like PMMA; and for this 
reason the load-hold-unload profile must be chosen carefully to exclude artifacts 
arising from rate effects. For instance, if we were to use loading ramps with constant 
rate of load (P) or displacement (h), independent of load in the multi-load 
experiment, this would cause both the hardness and modulus to appear to decrease 
at higher loads because the strain rates at higher loads are lower. To perform 
experiments at fixed P or h would thereby lead to confusion in the measurement of 
structural compliance. A way to get around this problem is to rely on fixed loading, 
hold, and unloading times, independent of load [9,10]. For all experiments, the final 
maximum load was 10 mN. 

For FS and PMMA, which have no indentation size effect, Cs can be obtained 
from the slope of a plot of CtP0 

1/2 vs. P0 
1/2 . For SOI there is an indentation size effect; 

however, it is still possible to determine the structural compliance by comparing 
CtP1/2 vs. P1/2 obtained near the edge with those obtained far from the edge [10].0 0 

Hardness and modulus determined using the Oliver-Pharr method on indents far 
from the edge are shown in Table 1 along with the values of Poisson’s ratio necessary 
to calculate Es. For SOI, which is a layered specimen, vs = 0.22 was chosen to fall in 
between that of FS and silicon (v s = 0.28 [29]). The vast majority of experimenters 
employ ß = 1.128 when using the Oliver-Pharrmethod, so we did the same here. In 
order to verify whether the properties change near the edge, it is necessary to measure 
the areas directly. For this reason Table 1 also includes the values of hardness and 
modulus obtained using direct area measurements. These values are taken from our 
previous work [9,10], in which case ß = 1.23 is used to calculate Es from Eeff. Our 
previously reported values of modulus and hardness from the Oliver-Pharr method 
are different from the values in Table 1 because in that work we also used ß = 1.23 
in the Oliver-Pharr method. However, these differences are not important to the 
problem at hand because comparisons between the two methods (see Figures 8 
and 9) rely on relative changes in measured properties, which are not sensitive 
to these differences. 

4. Results and discussion 
The modulus and hardness were calculated using the Oliver-Pharr analysis of load-
depth traces uncorrected for Cs. The results of these measurements are plotted 
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against distance from the center of the indent to the edge in Figure 5. All the 
properties appear to decrease as the edge is approached, although the effect is largest 
in the modulus. 

Results are compared with theory in Figures 6 and 7, in which and have 
been taken to represent the properties in absence of an edge effect. The data are 
consistent with theory. 

We obtain the corrected values of modulus and hardness by determining the 
corrected depth (hc) by subtracting from the uncorrected depth, hu, the effect 
attributed to structural compliance, 

(18) 

and hc is then used as the basis for reanalyzing the data employing the Oliver-Pharr 
method. The results of the ‘corrected’ modulus and hardness, designated Ec

eff and Hc, 
respectively, are shown in Figures 8 and 9 as open symbols. The closed symbols are 
obtained by directly measuring the areas of the indents using AFM. 

1.3. 
It is seen that the 

moduli can be accurately measured as close to the edge as The FS 
hardness can also be measured this close to the edge; but the PMMA hardness is seen 
to decrease when 0.6. This effect does not appear to be an artifact, because 
it is seen using both the corrected Oliver-Pharr analysis and by measuring the areas 
directly from AFM images. One possible origin of this effect is the proximity of the 
plastic zone to the edge. 

Because PMMA has a lower H/Eeff ratio than fused silica, the radius of the 
plastic zone (rp) of PMMA is larger [31-33] and therefore likely to reach the edge 
sooner than the plastic zone for FS. However, a preliminary analysis suggests that 
the problem of predicting when the edge will affect the hardness might not be a 
straight forward one. Figure 5 in Reference [33] can be used to estimate the radius of 
the plastic zone. For FS the closest indent has an rp/d value of about 0.95, suggesting 
that the plastic zone should just touch the edge. For PMMA the indent where the 
hardness begins to drop is at rp/d 0.55. Based on this simple argument, therefore, 
the edge should affect FS more than it does PMMA, which seems to contradict our 
results. Nevertheless, it is likely that other factors in addition to rp/d also come into 
play including the rate- and pressure-sensitivity of yielding along with the ratio 

In the SOI, the indent placed closest to the edge (designated by arrows in 
Figures 6-9) caused fracture during loading. We were nevertheless able to analyze 
the data from this indent and have included it in the figures. 
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Figure 5. Measured effects of the edge on (apparent or uncorrected) hardness and modulus. 
d is the distance from the center of the indent to the edge. For comparison, 0.95 µm for 
the indents in FS, and 6 µm in PMMA. 

Figure 6. Experimentally measured effect of edge proximity on 'uncorrected' modulus 
(symbols) compared with theory (lines). is the measured modulus determined by the 
Oliver-Pharr method far from the edge (Table 1). The theory lines are from Equation (17) 
with values of k = 24.5, ß = 1.128, and = 0.75. The SOI indent placed closest to the edge 
fractured, which affected the datum. 
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Figure 7. Experimentally measured effect of edge proximity on 'uncorrected' hardness 
(symbols), compared with theory (lines). is the measured hardness determined by the 
Oliver-Pharrmethod far from the edge (Table 1). The theory lines are from Equation (16) 
with values of k = 24.5, ß = 1.128, and = 0 . 7 5 .  The SOI indent placed closest to the edge 
fractured, which affected the datum. 

Figure 8. (Open symbols) Modulus values determined using the Oliver-Pharr method 
after the depth has been corrected for the structural compliance. (Closed symbols) Modulus 
values determined using the corrected depth and direct area measurement following the 
procedures 
the edge (Table 1). The SOI indent placed closest to the edge fractured, which affected 

of Jakes and coworkers [9,10]. is the measured modulus determined far from 

the datum. 
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Figure 9. (Open symbols) Hardness values determined using the Oliver-Pharr method 
after the depth has been corrected for the structural compliance. (Closed symbols) Hardness 
values determined using the corrected depth and direct area measurement following the 
procedures of Jakes and coworkers [9,10]. is the measured hardness determined far from 
the edge (Table 1). The SOI indent placed closest to the edge fractured, which affected 
the datum. 

5. Summary 
The presence of a nearby edge will affect a nanoindentation measurement. Part of 
the effect arises from the way the experiment is analyzed. The artifact manifests in 
terms of a structural compliance, the magnitude of which is inversely proportional to 
the distance to edge. The structural compliance can be measured, and the artifact 
caused by it can be removed so that corrected modulus and hardness values are 
obtained. We are able to account for the magnitude of this artifact based on the 
theory of Gerber [3] for the stiffness of contact between a punch and an elastic 
quarter space. 

When indents are placed sufficiently close to the edge, the hardness decreases. 
We believe this effect is real, in the sense that a true decrease in pressure is required to 
plastically deform a material near the edge where constraint of the plastic zone is 
lost. The effect is seen in PMMA for indents closer than d < but is not seen 
in FS for indents placed as close as d = 1.3. 
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