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Summary

Presents a linear solution for determining the effect of combined
axial and lateral loads under which a cylindrical sandwich shell
will buckle. The facings of the sandwich cylinder are treated as
homogeneous isotropic cylindrical shells and the core as an ortho-
tropic elastic body. The characteristic determinant that represents
the solution to the problem is solved numerically. Curves are given
that show how the buckling load changes as the parameters of the
problem  change.



ELASTIC STABILITY OF CYLINDRICAL SANDWICH SHELLS

UNDER AXIAL AND LATERAL LOADl

By
A. CARL MAKI, Engineer

Forest Products Laboratory,2 Forest Service
U.S. Department of Agriculture

Introduction

Sandwich construction is a result of the search for a strong, stiff, and yet light weight
material. It is usually made by gluing relatively thin sheets of a strong material to the
faces of relatively thick but light weight, and often weak, material. The outer sheets are
called facings and the inner layer is called the core.

Such a layered system presents difficult design problems. What is offered here is a
straightforward method for dealing with some of these problems.

The problem to which the method is applied is that of the elastic stability of a sandwich
cylinder under uniform external lateral load and uniform axial load.

Notation
r, 6, z radial, tangential, and longitudinal coordinates, respectively
a radius to middle surface of outer facing
b radius to middle surface of inner facing
r mean radius
m
t thickness of each facing

lThis Research Note is a revision, wunder the same title, of Forest Products Laboratory
Report 1852, issued in  1955. It was originaly prepared by Everett E. Haft, and
issued as one of a series by the Forest Products Laboratory in cooperation with the
U.S. Navy, Bureau of Aeronautics.

ZMaintained at Madison, Wis., in cooperation with the University of  Wisconsin.
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L length of cylinder

E modulus of elasticity of facings
K Poisson’s ratio of facings
G modulus of rigidity of facings
E modulus of elasticity of core in direction normal to facings
c
G modulus of rigidity of core in r@ plane
ré
GrZ modulus of rigidity of core in rz plane
q intensity of uniform external lateral loading
|
“ IS A
E a
C
o, normal stress in core in radial direction
Tg Try transverse shear stresses in core
u, v, w radial, tangential, and longitudinal displacements, respectively
n number of waves in circumference of buckled cylinder
m number of half waves in length of buckled cylinder
Eth
Ve 2(1 - 1) r2 6
v m ré
Eth
2, 2
rz -
201 u o GrZ
A my
mr
m
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E. i
%no 6 2
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¢

1n

P

E
<

rz

normal forces and shear force per unit length of facing
transverse shear forces per unit length of facing
bending moments per unit length of facing

twisting moments per unit length of facing

surface forces per unit area of facing

2
Ecrm(l - U
Et
2
qrm(l -u)
Et
P(l - uz)

4mr BT
m

(a - b)

the value of the lateral load parameter cp when the axial load parameter
® IS equivalent to zero

the value of the axial load parameter (p when the lateral load para-
meter Q is equivalent to zero

natural logarithm
U
2r

bor L8
a I +A

total axial load

A B C D, K E A, BA", B"  arbitrary constants

note -- ar]ly of the above term that appear with a prime (as N ") refer to the inner
acing.
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OUTER FACING

CORE
INNER FACING

Z M 105 662

Figure I.--Sandrich  cylinder.

M 133 627

Figure 2.--Differential elements of core and facings before buckling.
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Mathematical Analysis

As previously stated, the core is relatively weak. Because of the high strength of the
facings the core need carry little tension or compression except in a direction perpen-
dicular to the facings. The facings are able to resist shearing deformation in their plane
and it is necessary only that the core be able to resist shear in the radial direction in
planes perpendicular to the facings. In this analysis, the core is considered to be an
orthotropic elastic body. It is unable to resist deformations other than those just men-
tioned.

Interdependence of the core and the facings is gained by equating their displacements
at the interfaces. To simplify the analysis, the core is assumed to extend to the middle
surface of each facing.

Figure 1 shows the cylinder and the coordinates that are used.

Prebuckling Stresses

Before buckling occurs, the cylinder is in a state of uniform compression. The axial
load is carried. by the facings since the core material is assumed to be incapable of
carrying load in this direction. With facings of like material, the stress is the same in
both facings. Since the facings have the same thickness, then the loading per unit length
of facing, NZ or NZ', will be the same, This means that for a total load P

2maN_ + 2mbNf = P
z z

The calculation of stresses due to the lateral pressure is a problem in rotational
symmetry. Differential  elements of the core and of the facings are shown in figure 2.

Summing forces in the radial direction gives for the core

aor o,
+ —

Tar ro 0,

for the outer facing

ag - a (Or) - Ng
r=a
and for the inner facing
b(or) - Né = 0.
r=o>b

u

Since 0 = E ,
T ¢ ar
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1]
Ng

3
The results are—

u i !
= Bt (D ‘,, these equations can be solved for sr , Ne, and N_e

——
or' i Kk
Ne = qa(l - k), and
Né = gak where
!
k =
Et In b
b a
-
a c

As P and g increase, Nz’ NZ‘, Ne Ne' and or also increase. Eventually a condition my

be reached where a slight increase inload caues the cylinder to lose its state of uniform
compression and buckle as a result of elastic instability. This buckling is assumed to

cause only a small change in the stress distribution. These small changes will now be
considered.

Buckling Stresses

The core.--A free body diagram of an element of the core is shown in figure 3.

Neglecting  term which are products of more than three difterentials, a summation
of forces in the r, 6 and z direction gives

ro
A T T (1)
9T
ro _
r = + ZTFG =0 (2)
oT
rz _
L 0 (3)

Equation (2) my be integrated to give

T =Be) f () (4)
ro 2 | |
r
= Raville, M. E. Analysis of long cylinders of sandwich construction under uniform
external lateral pressure, Forest  Products Laboratory Report 1844, 1954.
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Trz + T@?z'rz az

L 07rz
lrz + 'DT ar

7, (gL k+0%
re q”/r+07~+bq’ r/a,,_
a r . or
gFk + Of
Trz Zre * %i,le ar
lrz
07,
77 + —L€ do
re ae
Figure 3.--Differential element of deformed core. Z M 105 664
Equation (3) may be integrated to give
=8¢ e t ()
rz r 2 2 (5)
gst._»andT as defined in terms of u, v, and w are
r 18 Iz - -
N U
Ol" = EC 3': (6)
_ 1 du , av _ v
Trg = Oro [F 3% *or r] ¢
_ . ou ow
Tey = By [5? * _r_] (8)
It is convenient to assume the displacements u, v, and w in the form
A
u = fl(r) coS nj Cos z ©)]
. A
v = fz(r) sin nb cos o z (10)
A
w o= fa(r) cos no sma / (11)

This form will permit a unique determination of fl(r), f2 (n, and f3 (r); assumes n cir-

cumferential waves and m longitudinal half waves upon buckling; results in zero dis-
placements in the radial and circumferential directions at the ends; and imposes no
moment upon the facings at the ends,
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From a consideration of equations (4), (5), (7), (8), (9), (10), and (11) it can be shown that
. A
fl(e)fl(z) = gin né cos o z and

fz(e)fz(z) = cos nb sin a— Z, so that

Tg ™ —B; sin nbd cos ﬁ z and (12)
r

T = A cos n@ sin 2 Zo (13)

rz r a

Substituting equation (9) into (6) and then equations (6), (12), and (13) into equation (1) gives

af () (D
E 5 +Er——— +-7+5A=O (14)
c r ¢ ar r
which upon integration shows that
[
f,(r) =C+DInr+A'r+B' - (15)

Equations (9), (10), and (12) are substituted into equation (7) to give

. af (r) f ()
B _ n 1 B! 2 -2 16
?“Gre[? [croinrears =)+ —5 r } "
from which
- B"n
f (r) = Fr + Cn + Dn(l + In r) + A'nr In r + =— (17)

Equations (9), (11), and (13) are substituted into equation (8) to give

A | 8f3(r)
S-¢ C+Dinr+A'r+B' =+ : (18)
r rz r or
from which
F4(r) = K+ A"(r2 4 In 1) + Cr +Dr (Inr= 1) +8 Inr (19)

It is convenient to have the constants of fl(r), f2(r), and f3(r) in nondinnaensional form.

Redefining the constants, the following form is obtained.

2
u= Aa+Br+_CE—F+Da InaL cosnecos%z (20)
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2
v=1_-Ana +Bnr InL +c S
a nr
r2 Z
W=A)\F+Ba)\-—-2""—2‘ln
2a A

ne—Dan(In—;-+l)+Fr.} sin nb cos%z (21)

A
L)+ Cha In &=+ D)\r(lnﬁ— i)+ Lalcos n@ sin — z (22)
a a a a

The facings.--Since the problem of stability of homogeneous cylindrical shells has
been solved by other authors, it is only necessary in the stability analysis of cylindrical
sandwich shells to consider it as a composite of two homogeneous shells bonded together
by an elastic core subject to the compatibility requirements of equal displacements at

their interfaces,

which,

surface of each facing.

to simplify the analysis,

is assumed to extend to the middle

Free body diagrams of a facing element showing the sense of the forces and moments
are found in figures 4 and 5.

Z M 106 302

Mez

Me

Moz

*7o

oMe
+ %58 de

oMez
o de

oMz
Mz + D7

dz

Mze +%ﬂ;—’£—9 dz

Figure 5.--Differentlal element of facing showing moments and twists.

The equations of equilibrium for the facings can be obtained from a mathematical
theory of thin shells. It is felt that for a small deflection analysis the theories presented
by various authors differ principally in second-order effects,
paring the work of Flugge? and Timoshenko2 on the buckling of cylindrical shells.

as is evidenced by com-

éFIugge, W.

§Timoshenko,

FPL-0173
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As a result, the equations of equilibrium as presented by Timoshenko and subject to
the necessary transformations will be used here. Such theory, when applied to cylindrical

shells of radius r; yields the following differential equations:

N, N, u B g 3%y v
O0=r T + 5§ rQZ BZZ z6 az2 0 3z9H6 3z
2
9V du =
- Ng (azae * 52‘) tre
2
0 = BNG + aNze - N 82v -0 azu av + N 9V + au
S50 T " a2 z 52 "z | 9286 T 3z 6z | 9200 = 9z
2
| 937u | 9v <5
+ Q | = — —=+ —~—=1{|+r
0 r 862 r d
0=+raQ+aQe+N 32“ _ Y + rN ———BZU-N I—L—azu
0Z 00 z8 { 9z936 9z z 37 6 r 862
2
{ 9v 9 u 9V V3
* F‘S@') * No, | 3750 az) rX
0 = aMze _ aMe - M 82v -M 82v LUR 0
VT 36 2,2 6z|03208 ' 9z 8
8Mez 8Mz aZV 82v ou
O=—=5 * "3+ My ol Molazas T3z * 9
2 2
- d u, _ 3v 93U _ _t 3%u 1 9v
0= Mz 9z96 Bz) * ere az2 Mez | + ae2 Ml 88)

My {3738 "'52) - r [Ny~ Ng,

FPL-0173 11-

(23)

(24)

(25)

(26)

(27)

(28)



Assuming that resultant forces other than Ng and N,

are small and neglecting products

of these forces and the displacements UE and w which are also small, and assuming

further a membrane analysis where the bending moments and transverse shear forces

2
in the individual facings are neglected, = 0], the equilibrium equations can be
reduced to: 12a
oN oN 2
_ z Bz _ 2V 2u =
0=r—57%%¢ Ne(azae * 82) *rz (29)
oN oN 2
- _ 6 z0 _ v A2
0 = —58 + r 52 rNZ > + rY (30)
0z
2 2
_ | 97u | v , o7 u =
O-——Ne i~—r_———2—+—r?a—e‘ TI’NZ—-—-Z"'FX (31)
30 oz

Evaluating equations (29), (30), and (31) for each facing or when r_=a and r = b and
satisfying the compatibility requirements at these interfaces provide the six equations
necessary for the determination of the six arbitrary constants found in expressions 20,
21, and 22.

Mathematical Analysis

Z

e + NZ] and {qa(l - k)
m

+ N% and | qak + Ne), res

N_ and NE) of equations (29), and (31) are replaced by[

0

+ 'ﬁ] respectively, for the outer facing and by {4111'

pectively, for the inner facing (primes denote inner facing). This is necessary because
the forces in the buckled shell are the prebuckling forces plus the forces due to buckling.
The NZ, NZ'. Nq, and Ng are small forces due to buckling which are later to be expressed

in terms ofﬁsplacem_ents, (which are assumed to have differed negligibly from the
prebuckled state), and the product of these small forces and the displacements are also
neglected. Expressions (29), (30), and (31), as evaluated for the outer facing then become:

3(N2> Mg, 52y 5y _
O=a—g*—735 - @ -K|gag+gy] *a (32)
3(N,) aN 2
_ 0 z6  aP 37v -
0= 56 T2 5 4mr 5 * aY (33)
m 9z
2 2
_aP oy _ = _ b 9tu vy =
—--41_[—',_—2' qa(I k) ‘ 3 2+g——e- Ne+aX (34)
m oz 36
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As is customary in such stability problems, the stretching of the middle surface is
taken into account by assuming that the prebuckling stress resultants are very large in
comparison with the other stress resultants; thus the terms

P
m; (1 + Ee) and qa(l KY(I + EZ)

should be substituted for the quantities and ga(l - k), respectively, and the surface

41y

forces X, Y, and Z should be multiplied by (1 + €g)(I + €7) in equations (32) to (34). In
these  expressions

LA

@
olc

1
a
d
"% (39

Finally, the expressions for the forces, moments, and twists along with the relation-
ships for the surface faces:

Z=-(1_)
rz
r=a
Y = -(t_)
oL, (36)
X=q- (q %-k +0)

r=a

are expressed in terms of u, v, and wand substituted in (32), (33), and (34). They lead to
the following equations for the outer facing:

2 2 2
Iom o 2037w, 1+ ) 9V u , (L -y 3w
W o=0=a St ———agmtang t— 7
3z a9
(37)
azv QU | a2(| - “2) AU oW
- ag =k 5256 T 52| ~ ET Crzlaz * or
2 2 2 2
(1 + u 3w (I - p) .23°v, du 2 3°v, 3V
ZF = O = a + a + — = a ¢ _—t —
5] 2 L 32939 2 '322 99 2 822 862
_ a’(l - uz)‘G Jdu ., v _ v ‘ (38)
E+ ro la 290 r a
W dv 5%u 2 3% Ju
IF = 0= -ap£f - Zo-u+ ¢ (1=K (u+ > +a%¢, 2 aB =7 (39)

where cp1 and (p2 are as defined under notations.
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To achieve proper interaction between the core and the facings, the displacements of
the middle surfaces of the facing are set equal to the displacements of the core at r = a
andr = b.

Thus, displacements u, v, and w in equations (37), (38), and (39) are replaced by equa-
tions (20), (21), and (22) evaluated at r_=_a. In this manner, three equations in six arbitrary
constants (A, B, C, D, E, and E) are written for the outer facing. In a like fashion, three
equations are written for the inner facing. These equations can then be written in matrix

form as:

1 %12 %13 P14 5 %46 (A

B
891 Poo o3 Py 25 g ﬁ

831 233 P33 %34 P35 %36 < C = {O} (40)

8 %42 3 P44 45 a6 D

351 %52 %53 %52 %55 P56 F

%61 %62 %3 %64 265 %66 _ T

where  the aijfé are defined” in terms of geometric, loading, and material parameters.
This represents the uniformly compressed circular form of equilibrium of the cylinder.
A Dbuckled form of equilibrium is possible only if equations (40) yield nonzero solutions
for the constants. This requires that the determinant of the coefficients of these constants
be equal to zero.

It is possible to find simultaneous minimum values (absolute sense) of (pland (p2 for

which these six equations will be satisfied for any values of the arbitrary constants.
Mathematically this means that for such a combination of loads and material parameters
the deflections are indeterminate. The shell becomes elastically unstable and the loads
that bring about this condition are the desired critical loads.

Numerical Computations

A literal solution of the sixth order determinant for the eigenvalues (qi, ®,) is not
feasible. A numerical solution, from which curves may be drawn, is possibFif_a digital
computer is used.

For sandwich construction, particularly for that utilizing honeycomb cores, the equa-
tions can be greatly simplified by assuming EC = oo. This substitution is common with

this type of construction due to the small relative displacement occurring between the

FPL-0173 -14-



sandwich facings. Indications are that analyses based on this assumption are sufficiently
accurate in most ranges, but for relatively short cylinders having weak cores such an
assumption may result in serious error.

Poisson's  ratio for the facings can be taken as one-third and the value of k closely
approximated by the fraction one-half for most cylinders where the radius is large
compared to the sandwich thickness h.

Making these substitutions, the a aij's in equations (40) are found to be

3 3 ?
. 220+ A Al - DU+ A ——————(|+A)

a = I

B SRR
AT D |32

a = O

#

15 3““M'+A)[——¢—é<|+m)€
%
3

[}
1

[}
1]

Q
1

oo 2]

2 .
A1 =AY + A =AM nZ = 1) S IER

o]
1}

21 3
r {2 nz]
o= =Tz 20 -a? s+ | inRrR-R
22 Al + A2 3 '
__V_rp_l___z__f”;(. N
423 NN

0

"

{o}

3Rn)\(l—A)[ ¢£(vl+A)}§
85 = g [)\(I—A) +1‘;}$

{

_ _ l
ag) = n(n - 1) n)\(I+A)( + d)z}
a5, = 10}
Vo 2 2 2.1 '
433 = ;————L——Z—[n AT A A - b)) |
2A(1 + A)
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2= =m? - &% A ¢2)5}

- 3
2RNAV
rz in R
42 AT +4) {
Vo 2 .2 2
ays = -——————T[n U SECIEW SR CEN SR BEN
201 - &) 3
244 = 10}
I TP - B 2
a5 = gR{:n + A" (1 A) (3 ?2)]%
- 2 _
a6 = {--gn(l A)} ‘ ‘
a_ = Jn?= D l—ib-'—(|+A)—)\2(ﬁ+A)2(—'-+¢)
51 2 )
ag, = {ACL+ &)
. v
a53= n I—-———-—-———-—re 5
2X1 +A)
254 = 14

a., = dn® -1 NN -2 =% A g
61 b= st %

AV
= —rz ' -
3y = R BT+ A In R +  A(l A
\'
5]

a .= Ynlt ¢ —~T2

63 2M(1 - &)

agq = R

a65 = {—Rn}
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The problem is now reduced to developing a search technique whereby minimum values
of (pl and cp2 can be determined for given values of qu, VrZ , A\, and y, such that the

determinant goes to zero.

This problem was programed for the digital computer and results are presented in
figures 6, 7, and 8. The solutions show a linear relationship between c&and c%as was

found previously for isotropic shells §’§wherein the slopes of the lines are dependent
upon values of number of buckles producing minimum loads. The lowest of these lines
are shown in figures 6, 7, and 8 for chosen values of y. These figures were then used as
a basis for plotting figures 9, 10, 11, 13, 14, 16, and 17, which clarify the effect of the
interaction of the loads by presenting them in terms of ratios.

The effect of special cases such as the hydrostatic case can be seen most clearly on
figures 6, 7, and 8 by the use of a load ratio line where the slope of the line and the
desired load ratio are equivalent. The hydrostatic case, for example, has a load ratio of
one-fourth or

%2=79%
Discussion of Results
2
For illustrative purposes, the three values of A2 =-l1-2-0f 0.0001, 0.00001, and 0.000001
4r

were chosen to represent the range of delta. For a given delta then, figures are presented
which show the effect on the critical loads of (1) varying the value of y while holding the
values of V., and V g a constant, and (2) varying the value of VrZ and Vre while holding

m
the value of Y=—Er a constant.

The results of this analysis agree favorably with those previously presentedg’zfor
lateral pressure and axial load acting separately. These values then represent the values
used for (pland cp2 in the figures.

For the case of lateral load only, it was found that the expression for <I>1 is given by

2 ’ 2 2
8 2,y 2 2 n n__ | 2 2 _ 2
& = Y Y

! 2 2
. 2 ,Y ‘ n 2 I
I+ Vr_e (T] + -—3- | + 'Y—Z- (n 1)y + £
The value of ¢4 can be determined with the use of figure 16, which was taken from
y A

previous work.™

§Kuenzi, E. W., Bohannan, B., and Stevens, G.H. Buckling Coefficients for Sandwich
Cylinders of Finite Length Under Unifom External Lateral Pressure. U.S. Forest
Service Research Note FPL-0104. 1965. Forest Prod. Lab.

ZZahn, John W.,and Kuenzi, Edward W. Classical Buckling of Cylinders of Sandwich
Construction in  Axial Compression--Orthotropic Cores. U.S. Forest Service Research
Note FPL-018. 1963. Forest Prod; Lab.
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Figure 9.--Effect on critical loads of varying parameter .
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Figure 12.--Effect on critical loads of varying parameters V,g and V.
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Figure  13.--Effect on the critical loads of varying parametere .
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Figure  15.--Effect on critical loads of varying parameters Vg and V.
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Figure  16.--Effect on critical loads of wvarying parameter .
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Figure 17.--Effect on critical loads of varying parameter .
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Figure 18.--Effect on critical loads of varying parameters Vg and V.
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Figure  19.--Classical buckling coefficient for sandwich cylinders with isotropic facings
and orthotropic  core.



The
Forest

PUBLICATION LISTS ISSUED BY THE

FOREST PRODUCTS LABORATORY

following lists of publications deal with investigative projects of the
Products Laboratory or relate to special interest groups and are avail-

able upon request:

Architects, Builders, Engineers, Logging, Milling, and Utilization
and Retail Lumbermen of Timber Products
Box and Crate Construction and Mechanical Properties and Struc-
Packaging Data tural Uses of Wood and Wood
Products

Chemistry of Wood

Modified Woods, Paper-Base

Drying of Wood Laminates, and Reinforced

Fire

Plastic  Laminates
Performance
Sandwich Construction

Fungus and Insect Defects in,

Forest  Products Thermal Properties of Wood
Furniture ~ Manufacturers, Wood Fiber Products
Woodworkers, and Teachers

of Woodshop Practice Wood Finishing Subjects
Glue and Plywood Wood Preservation

Growth, Structure, and
ldentification of Wood

Note:

Since Forest Products Laboratory publications are so varied in subject
matter, no single catalog of titles is issued. Instead, a listing is made for
each area of Laboratory research. Twice a year, January 1 and July 1,
a list is compiled showing new reports for the previous 6 months.
This is the only item sent regularly to the Laboratory's mailing roster,
and it serves to keep current the various subject matter listings. Names
may be added to the mailing roster upon request.



The FOREST SERVICE of the
U. S. DEPARTMENT OF AGRICULTURE
is dedicated to the principle of mul-
tiple use management of the Nation's
forest resources for sustained yields
of wood, water, forage, wildlife, and
recreation. Through forestry research,
cooperation with the States and private
forest owners, and management of
the National Forests and National
Grasslands, it strives - as directed
by Congress - to provide increasingly
greater service to a growing Nation.
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