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Summary

This report presents a mathematical analysis of the effective stiffness of
a stiffener attached to a flat plywood plate. The analysis yields formulas
for computing the stiffness added to a plywood plate by gluing a stiffener
to one face of the plywood. The data obtained at the Forest Products Lab-
oratory from 107 tests of 17 plates with stiffeners of differing depths sup-
ply reasonable confirmation of the analysis. Formulas for computing the
effective stiffness of the stiffener are given in equations (68), (69), and
(70). An explanation of the constants involved is given with these equa-
tions. Equations (71) and (72) and their accompanying explanation give a
similar summary for the case in which both plate and stiffener are of an
isotropic material.

Introduction

It is well known that the buckling load of a rectangular plate can be con-
siderably increased by adding a centrally located stiffener attached to the

l'I’his is one of a series of progress reports prepared by the Forest Prod-
ucts Laboratory relating to the use of wood in aircraft. Results here
reported are preliminary and may be revised as additional data become
available. Original report published 1946.

2 .
—Maintained at Madison, Wis. , in cooperation with the University of Wisconsin.
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plate and perpendicular to an edge. In a theoretical determination of this
buckling load it is necessary to know the stiffness added to the plate by the
attached stiffener. Since the stiffener is rigidly attached to the plate, it is
at once apparent that the added stiffness will not be merely the flexural
rigidity of the stiffener alone but will be considerably more. Several theo-
retical discussions> of the buckling of rectangular plates reinforced by
stiffeners have been given elsewhere, but no methods for determining the
added stiffness due to the reinforcing stiffeners have been included.

Separate theoretical discussions pertaining to the added stiffness due to the
attached stiffener have been presented by several authors, £ but unless the
plate is very thin their discussions are inadequate. If a stiffened plate of
this type is bent while it is supported on all four edges, the neutral surface
in the neighborhood of the stiffener will lie between the middle plane of the
plate and the middle plane of the stiffener. It will be convenient to think of
this as a shift of the neutral surface from the middle plane of the plate. The
added stiffness will then be due to the plate-stiffener combination being bent
about the shifted neutral surface rather than due to the stiffener being bent
about its own neutral surface. If the plate and stiffener have small cross-
sectional dimensions, the neutral surface will not, in most cases, be shifted
very far from the middle plane of the plate, and a rough estimate of its posi-
tion will furnish a good approximation of the added stiffness. If the cross-
sectional dimensions are relatively large, however, considerable error
can result in the calculation of the added stiffness unless the position of the
neutral surface can be accurately determined. For metallic plates and
stiffeners the crogss-sectional dimensions will fre'quently be small, and an
approximate method of determining the position of the neutral surface may
suffice; but for plywood plates and solid wood stiffeners the cross-sectional
dimensions are large enough to demand a more accurate method for locat-
ing the position of the neutral surface.

It is the purpose of this report to present an approximate theoretical
method of determining the stiffness added to a plywood plate by a reinforc-
ing solid wood stiffener and the results of a series of experimental tests

i‘;'Timoshenko, S., Theory of Elastic Stability, page 371.
Lindquist, E., Journal Aer. Sciences, Vol. 6, page 269, May 1939.
Ratzersdorfer, J., Rectangular Plates with Stiffeners, Aircraft Engineer-
ing, September 1942. This paper appears to be very similar to the fol-
lowing one in Russian: Lokshin, A. S., Journal of Applied Math. and
Mech. Vol. 2 (1935) page 225.

iI-Timoshenko, S., Theory of Elasticity, page 156.
Karman, Th. Von. '"Festschrift August Foppls, ' page 114, 1923.
Reissner, E. Stahlbau, 1934, S. 206.
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confirming the main feature of the theoretical analysis., The theoretical
method is also extended to the case in which the plate and stiffener are both
of an isotropic material. In the analysis, the position of the neutral surface
in a plywood plate-stiffener combination is obtained theoretically by making
an approximate mathematical study of the stress distribution. The analysis
makes use of the minimum energy principle. The general equation obtained
for the neutral surface is complicated; at the stiffener, however, the equa-
tion reduces to a simple form. If the position of the neutral surface at the
stiffener is known, it is possible to compute approximately the added stiff-
ness due to the stiffener.

Mathematical Analysis

Choice of Axes and Orientation of
Plywood and Stiffener

In the theoretical analysis plywood is assumed to be an orthotropic material,
that is, a material possessing three mutually perpendicular planes of elas-
tic symmetry, 2

Consider a rectangular plywood plate with its area bisected by a stiffener
perpendicular to an edge. The stiffener is of rectangular cross-section.

The grain of the face plies of the plate is taken to make an angle of either
90° or 0° with the stiffener. The plate is assumed supported on all four
edges and to have a length 24 parallel to the stiffener and a rather large
width in the other direction. & The plate has a thickness of h. The stiffener
is of length 24. The plate is loaded in flexure with loads applied immedi-
ately over the stiffener and symmetrically situated with respect to the middle
of the span of 2. The origin of coordinates is taken in the middle plane of
the plate directly over the center of the stiffener as shown in figure 1. The
x-axis is taken parallel to the stiffener. Due to symmetry only one-half

of the plate need be considered, say that corresponding to positive y, where
the middle plane of the plate is the xy-plane. The z-axis is directed upward.

5
—Forest Products Laboratory Reports Nos. 1300, 1312, 1316.
6

—Experimental confirmation of the mathematical analysis indicates that the
formulas are approximately correct for any width equal to or greater
than 1.64. See appendix.
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Stress-strain Components

7
It will be assumed that the stress component™ Z, vanishes throughout the
plate and stiffener. It will also be assumed that throughout the plate and
stiffener the strain components can be expressed in the following manner:

€xx = (exx)o tz (exx)l
eyy = (eyy)o +z (eyy)'1 (1)

= (e, )+ (e,),

exY exy Xy

where (e are functions of x and

xx)o’ (exx)l’ (eyy o’ (eyy)l’ (exy)o’ (exy)l
y and that do not vary from layer to layer in the plate or in the stiffener.
These assumptions made regarding the strains can be interpreted as follows:
In the stiffener and the part of the plate directly over it a strain distribution
is assumed which varies linearly with z. These strains are then assumed

to be transmitted continuously out into the plate.

At a point in a given ply

E
X
Xx = T { eyx + ny eyy}
EY
Yy == {eyy + xy exx} (2)
Xy = Fxy ®xy

where A\ =1 - o o
Xy yx (3)

In these equations E, and E_ are Young's moduli in the x- and y-directions,
respectively. Poisson's rafio Ty 18 the ratio of the contraction parallel to
the y-axis to the extension parallel to the x-axis associated with a tension
parallel to the x-axis and similarly for ¢ < The quantity Py is the modu-
lus of rigidity associated with the directions of x and y. If the plies in the
plate are all rotary cut, the elastic constants in the various layers can be
described as follows: The subscripts LL and T are used to refer to the
longitudinal and tangential directions in the wood. Then for the plies in
which the grain of the wood is parallel to the x-axis,

ZThe notation is that of A. E. H. Love, see Love, A. E. H., Mathemati-

cal Theory of Elasticity.
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xy - LT %yx T TTL’ (4)
PLxy R P
while in plies in which the grain of the wood is parallel to the y-axis
Ex = ET’ Ey = EL
= = 5
’xy ~ 7t Tyx T °LT (%)
Hxy “Hr 7 s Py
Substituting (1) in (2), it follows that in a given ply
Ex
X "% {(exx)o ¥ Tyx (eyy)o tz] (exx)l * Tyx (eyy)l]} -
(Xx)o tz (Xx)l
Yy (©)
YY === {(eyy)o + Oy (exx)o +z[ (eyy)l + Ty (e, J)}=

(Yy)0 + z (Yy)1
Xy =pp g (oo +2 (e )i} = (X)), + 2 (X)),

y

Membrane Stresses

It may be seen that each stress component in equations (6) consists of two
parts: a part with a zero subscript and a part multiplied by z. The first
part is independent of z, and it will be called a membrane stress as in the
membrane theory of shells. The remaining part varies linearly with z,
and it will be called a bending stress. The average values over the width
of the plate of these membrane stress components Px’ Py’ and ny are
given by the following equations:

Report No. 1557 -5~



Using equations (6), equations (7) for a plate whose construction is sym-
metrical with the xy-plane become

a —
Px = T {(exx)o 0'yx (eyy)o}
Eb _
Py = T {(eyy)o + ny (exx)o } (8)
where h h
2 2
L f Lf
E,; = h Ex dz, Eb =5 EY dz
_h _h
2 2
(9)
I o i P s 11 T
ny TOE, Tyx = E ! LT "TL

Fro§n the conditions for the equilibrium of a rectangular element, it follows
that—

6P 6P
— Xy _X =9
6x Sy
(10)
6ny . GPY -0
ox Sy

8
—The vertical shearing forces on the sides of the rectangular element are
neglected.
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Equations (10) assure the existance of a stress function F such that

ZF 5ZF BZF
Pe=—=% Py="73. P =-%5% (11)
by Y oex xy *oy
Solving equations (8) for the quantities (exx)o’ (eyy)o’ (ex )o’ it follows
that
(), == (P, -7 P} = {
e ==— (P, - P == .7
xx’o Ex x ny y ] (eyy)o Ey Py. U'YX PX }’
( ) 1 (12)
y
AL X ¢
where
_ Ea (-, Ty B -7y Ty 13
EX - )\ y Ey - X ( )
The equation of compatibility connecting ey’ eyy’ and exy leads to the fol-
lowing relation containing (e, ) (eyy) and (exy)o
2 2 2
6~ (e 67 (e 6 (e
(el , 84, )y 8% (e ) .
6y2 6x2 5xby

On substituting equations (11) in equations (12) and then substituting the re-
sulting equations in equations (14), it results that

4 27 4 4
R S e I O e (15)

5x % —IEX 6x2‘6y2‘ Ey 6y4

xy . Tyx (16)

|

!
=

which follows from equations (9) and equations (13), has been used. It will
be convenient to write equation (15) in the following form:

4 4 4
6%F | 5, _8F L 8F (17)
st sx%6n &t

Report No. 1557 -7-



where

E;Ey ) 27,
Ko = ( -=7) (18)
2 fLT Ej
(19)
with
(20)
A general solution of equation (17) will be of the form2
F =R [Fl (x + iam) + F, (x + iBn)] (21)

where

a=\/w°+ kS -1, B:\/KO-J.cg-l (22)

F1 and F2 are arbitrary analytic functions of their respective complex vari-

ables, and the letter R means that the real part of the expression in the
bracket is to be taken. Substituting equation (21) in equation (11) it results
that

2 2
_§%F 2 28F L ,08F,
P =23 =R |-l —- el —2
by 6?;1 6;2
§%F 62}?1 5°F
P =—=R + = (23)
Y oax? L&gf 5@3
82F 5°F SZFZ
P = - =R - ige ——— - 1fe ——
Xy 5x by o] 6@,% o 6@;

9
—Forest Products Laboratory Report No. 1510, pages 4-5.
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where

§1=x+im‘|, §2=x+i6'q (24)

On substituting the results of equations (23), equations (12) become

i BZF BZF

() R 1 c 1 ¢ 2
e - —— - ——— .-

oo T B L sef 5

T GZFI 5°F,
E g 6{,1 62;2
: 2
[ 5“F 5°F,
Frr L 1 2
where
_ 22 = 22, =
f—afe°+ Xy’ g =fe -4-0'xy
(26)
' — 2 2 _ — 2 2
f—1+0'yxa/eo, g'—l+0’yx3eo

Equations (26) can be simplified if the following substitutions and rearrange-
ments are made. From equations (16) and (20), it follows that

O'YX = E O’XY = —u-z- (27)
X € o

Using this relation, f’ becomes

nyz 02
2

€
(o]

f'=1+

From (22) it follows that o = l, and f' can finally be written as

B

Report No. 1557 ~9-



f' = = (28)

g =18 (29)

It is now possible to write equations (25) as

2
1 62}? 6 F
(eyxx)y =RY= |- f 21 -8 22
E, 6@1 622
§°F 6%F
o ] | S o
_ eoEy 6{,1 6;2
2 2
1 5 F1 & Fz
(exy?o = R ;_ - ia‘o ? - 1BEO ng
LT 1 2

Bending Stresses

So far a method for deriving the membrane strain components (exx)o’

(ey‘y)o, (exy)0 has been obtained by requiring that a small rectangular

element of the plate is in equilibrium under the action of the membrane
stresses. A method for deriving the strain components of bending z (exx)l’
....will be obtained by requiring the vanishing of the resultant couples act-
ing on a similar rectangular element of the plate. It will be assumed that
the bending strains are expressible in terms of the deflection of the middle
plane of the plate as in the plywood plate theory, 190 31d that the membrane
stresses are small and do not affect the bending. Then from the require-
ment that the resulting couples acting on the rectangular element vanish,
the following differential equation for the deflection w -of the middle plane
of the plate results:

10
Forest Products Laboratory Report No. 1312, page 35.
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5_Vl+2n1 {;W + £ (31)
ox x 67]? 61’1;Jr
where
rANT o E
n =egy (33)
4 [E
e, = [|-L (34)
E,
h
2
fEx zzdx h
_b F
2 12 2
B, = -5 [ et (35)
2 _h
f z%dz 2
_h
2
h
] 2
£, == [ B .24 (36)
2 h y z Z
_h
2

1
The quantities™ E1 and EZ are called the '""mean moduli in bending."
The solution of equation (31) is somewhat different from that of equation (18)
since w; is apparently always less than 1 for plywood. If ) 21 appropriate
changes in the following solution can be made.

11 ]
—For example Forest Products Laboratory Report No. 1312, page 39.
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Substituting w = W (x + vn,) in equation (31) leads to the following equation
for v:

viraeplen=o (37)

or
2 2

v=-kl:l: wl—l (38)
Let

¥y = COS | (39)
Then -

i
ve = cosy ising =-e 14} (40)

Hence, the roots of equation (37) are

qu _iﬂ‘. ifk -ifp_
2

V1=+iez, V2=ie 2, v3=-ie2, v4=-ie

The general solution of equation (31) takes the form

€
i

R{w1 [x+i (cos£+isin%) 'ql]

2
R
h A 41
+ wy [x+1(c:os2 151n2)q1]} (41)
= R{wl (x1 + iyl) +w, (XZ + iyz)}
where
Y oy } y

xl—x—nl 51“.2» xz--x+1'|1 51n2, yl—yz—‘nl COSE‘ (42)

and w; and w, are any analytic functions of the complex variables x; + iy1

and x5 + iy, respectively.

Choice of the Functions F, FZ’ w1, and w,

The selection of the functions F, F,, Wi, W, is an important part of the

analysis. The symmetrical form of the loading with respect to the origin

Report No. 1557 -12-



suggests that these functions can be expressed in the form of trigonometric
series involving cosine functions of x. As the plate is supported along the
edges parallel to the stiffener, the deflection must vanish for large values

of y. Consequently the accompanying exponential function of y in w; and w,
is taken to have a negative exponent. The membrane stresses are assumed
to be of a localized character in the neighborhood of the stiffener. Hence,
the accompanying exponentials in F1 and FZ will also have negative exponents

and will be of the form e QMo and e ~Bimo respectively where j is a constant.
Since B { @, it is evident that F, does not vanish very rapidly for large
values of y as compared to Fy; hence, the function F, will be assumed
identically zero. In the stiffener and in the portion of the plate directly
over the stiffener the strain distribution will be taken to be independent of

y. In the region y?_%, where tis the width of the stiffener, the functions
Fy, F,, wy, and w, will be taken to be

im - >
F, =R E A e (& "¥02] F =0
1 m 2
m=1

. v, oLt ' '
1 00 _ imk (x1 + 1yl) imk (xz + iyl)
w, =R (E E {1Bme +C e })  (43)
m =

w2

00 : ' . . ] L
1 _ imk (x, + iy,) imk (x, +iy,)
R (7 E {1Bme 2 27 4 C..© 2 )
m =1

where

k =

~

b

L t . * v t_ .
xl-x-el(y—z)sun, xz--x+el(y—2)sulz

2

1 1

Y=y, =€, (y -5) cos
1 - Y274 2

Y
2

N B

Equations (43) hold only in the region y >

Report No. 1557 -13-



Strain Components and Determination of the Arbitary Constants

Since the quantities z(exx)l, z(e )1, z(e )l are given byﬁ

Yy Xy
2 2
6w 6w 5w
z(e ) = e Z— z(e ) = .-z , z(e ) = - 22
xx'l 5x2 Yyl 6y? xy'1 §x5y

and (e__) , (e

xx’o
tions (43) that

L]
-arnk
(exx)o g m A €o¥ cos m kx

yy)o’ (exy)o are given by equations (30), it follows from equa-

a0
_kz ' 2 2 -omke oy'
(eyy)o = F m A gae cos m kx
‘oY m =1
"k €5 - amke y
(exy)o = m A ae sin m kx (44)
M LT
(e ) k m2 {B._ sinmk § '
xx’1 = m (]_Y
m =

]
-mk Pey

+ C_ cos mk Gely'} e cos m kx

o0

22 ‘2 2 . '

(eyy)l =-k € m {(Bm"l + ZleSp) sin mkée;y
T =

t
-mkpe,y

]
+ (Cmwy - 2B, 8p) cos mkée,y } e cos m kx

12
—Forest Products Laboratory Report No. 1312, page 35.
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00
2
(egyhy = 2K°¢) E m® (- (Byyp + Cpy8) sin mkbe,y’
m =1

- mk '
+ (B, 6 - C,p) cos mkéeyy } e P€1Y sin m kx
where
cein¥o LT et Yoyt
6 =sin; = 5 P =cos== y =Y -3 (45)

These strain components hold in the region y _>!:2- In the portion of the plate
directly over the stiffener and in the stiffener, the strain components are
taken to be independent of y and to be obtained by setting y = % in each of
equations (44).

The expressions for the strain energy of the plate and the strain energy of
the stiffener will now be obtained.

Substituting equations (6) in the expression for the strain energy

h
00 2 5
2
Vp = Ef f { et Yyeu + X e ) dzdxdy (46)
: 'z
. 13
the strain energy of the plywood plate is given by —
©
_h 2 ,
VP - A {Ea(exx)o + Eb( YY)O + ‘TTL L( XX)O (eYY)O
t
z ! o
2 h j‘ Z
LR TR I }axdy + 5% : E (e, ) +E (e o))
2
7
+ 20 CrL L(exx)l (eyy)1 + MLLT (e ) } dxdy (47)

EThe strain energy of the portion of the plate directly over the stiffener

will be included in the strain energy of the stiffener.
Report No. 1557 -15-



Substituting the expressions (44) for the strain components and performing
the integrations, equation (47) becomes

kj
- 2 2 2
Vp =73 [tA +t,B_“+t,C_2+tB _C ] (48)

where
4 2 2
bg o - ZUTLELfga N Ae o
= 2 2= =
Y o ExEY ML

h (1 - %)) ( 4 \ 2 2)
t. = - E, +E,e, (34+2w)+20., B e, +4\p._ €
27 24\ V2(l +,) 172 1 TL L1 LTI
(49)
i~ 4 2
t3 = {E) (3 +1e)) + Epel (14, +2¢))
24)\61\/2(1 + )
1
- 20 143k )+4 3+
TLLl( ) "”L-m( *))}
S e 4 2
t4 = 24)*1 \/2(1 - “l} {E1 - Ezcl (1+ Zul) + ZUTLELQI
4\ 2}
B % o

The strain enex:igy of the stiffener and the portion of the plate directly over
it is given by =—

N

N

f fE [ Xxy=%:|2dxdz (50)
G+a
14

—It is assumed that in the stiffener and the portion of the plate directly
over it only the strain component in the x-direction is important.
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where t and d are the width and depth of the stiffener, respectively. Young's
modulus, E.. has three different values in the evaluation of the integral. In
the stiffener E; = E;, where Eg is the Young's modulus of the stiffener in
the longitudinal direction and E; = Ej, or ET in the plate depending on the
layer considered. Obtain from equations (44) the expression for €yx =
(exx)o + z(exx)l. After setting y = 5 and substituting the result in equation
(50) it follows that

3 o
_ fk 4 2 2
VS——Z— m {r1 Am +r2Cm +r3AmCm} (51)
m =
where 2 »
tE_kf'd tE_kf h
8 s 2
r. =
1 = 2 = 2
E, Ex
3
tESk 2 2 tkh E1
r, =———d (3h” + 6hd + 4d”) + —— (52)
12 12
tESk
1‘3 = - — fd(h + d)
EX

The total strain energy V is equal to Vp + Vg Adding equations (48) and
(51), it follows that

3 —_
k
V = L E m> {Am2 (t; + mr) + Brnzt2 + sz (t3 + mr,)

trgmA_ C_+t,B C_ ]} (53)

The total bending moment transmitted at any cross section perpendicular to
the stiffener can be represented for the symmetrical case considered by the
series

M = E M, cos mkx (54)

m =1

Report No. 1557 -17-



From statics the normal stresses over the cross section of the plate and
stiffener must satisfy the following conditions:

h h
sz X, dzdy +t J‘ Ey (eyy)y = £ dz =0
t.h - ¢ :
(55)
h h
Is) — _—
2 oo
Zf f X,z dzdy +t f E_ (exx)y=.t_ zdz = E M _  cos mkx
t_h _(b.-{-d) 2 m =T
2 2 2

where E_ will again take on the three values Eg, Ey, or ET in evaluating

the integral. Substituting from equations (6) and using the notation intro-
duced in equations (9), (35), (36), it follows that equations (55) can be writ-

ten as
o h
2hE, 3
: —(E + d) 2
2 2
(56)

h

N|

h
2
(B (o) + o By, (e, )} dy +t / E_ (ey)y

- (%+d)

o~
W
[\2|"’%8

) oC
= E M., cos mkx
m =

Substituting from equations (44), equations (56) become after integrating
A 8,;,+C_ s, =0
m 11 13
- (57)
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where

2hE, 2 2. tEgmfd tE_mfh
sll—-—3:—(feo-0'xygaj+ — =
ak\e oEx % E,
tE_md
5137 - —5— (b+q)
2
tEsk 2
s,, = - ——— m"fd (h 4 d) (58)
x

- kh’m 1 - v 2
522 ke, s—— (Ep + opEy €))

tkzm2

T (Egd (3h° + 6hd + 4d%) + 1)

+

Solving equations (57) for B, and C_, it results that

Cm:a‘11 Am

(59)
Bm =2y Ay v 2, M
where
S
11 $11523 - 8,8 1
S a, = 11°23 21 13, a,, Ty (60)
13 S13%22 22

Substituting equations (59) in the expression for the total strain energy V
given in equation (53), it follows that

Report No. 1557 -19-



1k
= =" E {A (t tmry) + (2, A, +2,,M )

2 2 2
ta) A (t,‘,'-i-mr2)+r3 ma;, A

M (61)

ttgap AL @) At M)
To find the value of A, that makes the total energy a minimum, it is only
necessary to set the derivative of V with respect to A, in equation (61)
equal to zero and solve for A,,, since the work done by the external moment
is independent of A,,,. Hence
M (2a_,a_ .t +a_ .a__t

m( 21 222 11224)

B = - 2 2 2 (62)
Z[tl ta, “tyta; "t +allazlt4+m(r1 ta; “r,+ a11r3)]

Stiffness Added by the Stiffener for a
Bending Moment of M1 cos kx

It is now possible to determine approximately the position of the neutral sur-
face of a plywood plate with an attached stiffener when the plate-stiffener
combination is slightly buckled into one half-wave in the direction parallel
to the stiffener. For this important case the bending-moment diagram is

a simple cosine curve,== say M = M} cos kx. In this case in accordance
with equations (59) and (62) all of the coefficients A_,, B, , and C,, vanish
with the exception of A}, B), and C,;. It follows from equations (44) that

-oke ,y
< =kd— fe Y

)
-k
+ z[B1 sin kbely' + G, cos kbe ly] g PE ly-}cos kx (63)

and the equation of the neutral surface in the region y>—— is obtained by
setting e . = 0 in equation (63), or

15

—In the experimental part of this report the bending-moment diagram in
the form of a cosine curve is approximated by a bending-moment
diagram resulting from a concentrated load at the center of the plate.
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1 ]
-ak . -k
A, fe 17 4 z[Bl sin kée y + C; cos kaely'_'l e PE1Y _ g (64)

1

The stress-strain distribution is assumed to be independent of y in the
stiffener and in the portion of the plate directly over the stiffeners. Hence,

the neutral surface will be represented by the plane z = - z_, in the region

t
0 <y <73 where -z is obtained by setting y = EZ_ in equation (64) and solving
for z. Thus the shift of the neutral surface z,, at the stiffener is

A f
- (65)

n
ClEx

A sketch of the trace of the neutral surface on a plane perpendicular to the
stiffener is shown in figure 2 for a typical case. Substituting from equations

(58) and (59), the expression for z, becomes

tE_fd (h + d) ©6)

Zp = ——————

2 = 2
ZhEa(feo - 0, 8 )

2 + tf (Egd + Eh)

3
ahke
Substituting from equations (26) and rearranging, equation (66) becomes

h+d B 67)

2 PhE, acp (1 - Ty Ty +1+-2

tk\Efd E,

=

oo

Since it is approximately correct to write (1 - ¢ T ) =X=1and {f = azez,
Xy yx o

it is possible to write the following approximate equation for z (fig. 2):

_ h+d
z_ ( ) (68)
2hE, E
W g t L ¥ _2h
e E_d

The constants that appear in equation (68) have the following meaning: The
plies in the plywood plate will be considered to be numbered consecutively
from one face to the other. The elastic constants in the ith ply will be
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denoted by (E,);, (Ey)i' (P'xy)i’ and (o—xy)i' where the xy-plane is the middle

plane of the plywood, and the x-axis is in the direction of the stiffener. The
thickness of the ith ply is h;, that of the plate, h.

Then appr oximately—l—e—)-

Z(Ex)ihi

h
(B,
h

a:
E =Eb=—_—“—

ExEy 1 Zny
- I =
xy X
h = thickness of the plywood plate
t = width of the stiffener
d = depth of the stiffener
Eg = Young's modulus of the stiffener in the longitudinal direction.

For a stiffened plywood plate slightly buckled the value of k will depend on
whether the edges perpendicular to the stiffener are simply supported or
clamped. If these edges are simply supported and a is the width of the plate
in the direction of the stiffener, then k = T If these edges are clamped,

a

then k = 2m . In either case the approximate added stiffness is given by
a

16

—For more accurate expressions see U. S. Forest Products Laboratory
Report No. 1503.
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tdES 2 >
T3 {d +3(h+d-2zn) } (69)

where z  is given by equations (68). A more accurate expression is

tdE
5 (12 2 = 2
= (4% + 3(h + d - 22,)°} + thE, 2 (70)

where the extra term gives the stiffness added by the portion of the plate
directly over the stiffener. In most cases equation (70) will give values
only a few percent larger than equation (69).

Stiffness Added when Both the Plate
and Stiffener are Iﬂ)trop_ig_

When both the plate and stiffener are isotropic formula (68) for the shift of
the neutral surface at the stiffener reduces to

z = (h +d) ) (71)
2h h
Z{dtk G+ 7! +Ef}

where h is the thickness of the plate, t is the width of the stiffener, d is the
depth of the stiffener, and ¢ is Poisson's ratio. The value of k will depend
on whether the edges of the plate perpendicular to the stiffener are simply
supported or clamped. If these edges are simply supported and a is the

width of the plate in the direction of the stiffener, then k = g. If these

2 .
edges are clamped then k = _;w_. In either case the approximate added stiff-
ness is given by

tdE 2 2 2
7 4%+ 3 +d - 22,)%) + thEz (72)

where E is Young's modulus, and z_ is given by equation (71).

Description of Stiffened Plywood Plates

All specimens were fabricated of aircraft-grade plywood and Sitka spruce
stiffeners. The plywood was made of yellow birch or yellow-poplar veneers
rotary cut at the Forest Products Laboratory. The plate members, veneer
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species, number and thickness of plies and the plywood constructions are
shown in table 1. Plates having numbers ending in 1 had the stiffener per-
pendicular to the direction of the grain of the face plies, and those having
numbers ending in 2 had the stiffener parallel to the direction of the grain
of the face plies. The dimensions of the specimens were 13-5/8 inches
parallel to the direction of the stiffener and varied from 10-1/2 to 24-1/2
inches perpendicular to the direction of the stiffener.

The plates each had a stiffener glued to one face of the plywood and on the
centerline. The width of the stiffeners, parallel to the face of the plywood,
varied from 1/8 to 1/2 inch; the depth, perpendicular to the face, varied
from 1 inch to 0; and the length of the stiffener was equal to the width of the
plate. ’

Before assembling, both the plywood and the stiffeners were conditioned in

an atmosphere of 65 percent relative humidity and 70° F. temperature. After
assembly, they were stored under the same conditions until the time of test.

Methpds of Test

The specimen was measured; the length and width to 0.01 inch and the thick-
ness of the plywood to 0.001 inch; the width and depth of the stiffener to 0.001
inch.

The ends of the stiffener were restrained by means of metal clamps to avoid
separation of the stiffener from the plywood.

The specimen was placed on the supporting frame, figure 3, which furnished
simple support along all four edges of the plate. The end supports were so
adjusted as to allow 1/4-inch overhang. The edge supports were so posi-
tioned that there was 9/16-inch overhang. The knife edges were notched to
take the ends of the stiffener and the metal clamps when the specimen was
placed with the stiffener down. The supporting frame is shown in figure 3.

Loads were applied to the center of the specimen by a 100,000-pound screw-
type testing machine through a loading head of 3/4-inch radius and a wood
block 3/8 inch wide, 1/2 inch deep, and 1l inch long. Loads were measured
by a 100-pound springless scale.

Load increments were picked so as to give a clearly defined load-deflection

curve. Deflections were measured by a 0.001-inch compression-dial in
contact with the plate directly under the load. Each specimen was tested
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twice with the stiffener up and twice with the stiffener down. The plate was
turned end for end between runs.

Each specimen was tested with a stiffener of 1-inch depth. The depth was
then reduced and the specimen tested again. This procedure was repeated
with the depth of the stiffener reduced after each test until finally the depth
became zero and the plate was tested with no stiffeners.

From each test, a ratio of load to deflection was picked from the straight-
line portion of the load-deflection curve. An average value was obtained for
the stiffener-up position and for the stiffener-down position. Often at low
loads the curve varied from a straight line due to lack of original flatness
of the specimen. Also at high loads, the rate of deflection with respect to
the load decreased because of the presence of membrane stresses.

Analysis of Results

Formula (70) of the mathematical analysis applies only if the bending mo-
ment of the stiffener is distributed according to a cosine curve. Such a
curve is expected when the stiffener is attached to a plate supported at its
edges and the plate buckled under edgewise compression. It is difficult
under these conditions to determine accurately the added stiffness due to the
stiffener by experimental means. For this reason a concentrated load ap-
plied to the center of the stiffener and normal to the surface of the plate was
used instead of edgewise compression and the plate was simply supported at
its edges. Under these conditions the bending moment of the stiffener is not
distributed according to a cosine curve, but the distribution is not too differ-
ent from such a curve. The mathematical analysis, therefore, should apply
approximately to the conditions under which the tests were made.

The data obtained from these tests were expressed as load-deflection ratios
(as previously described) for unstiffened plywood plates and for the same
plywood plates stiffened with stiffeners of various sizes. The difference be-
tween the ratios for a stiffened plate and those for the plate with no stiffener
is a measure of the effective stiffness of the stiffener. Formula (70) gives

a theoretical effective stiffness value of the stiffener. Although the observed
ratio and the theoretical value are both stiffness factors, they are not com-
parable terms. The theoretical EIS is converted into a P/§ ratio by using

3 El
the standard static bending formula, E = %E’ which becomes, P/§ = 265—7-,

when the value of the span is substituted for L. This makes it possible to
compare observed and computed stiffness ratios.
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Figures 4 and 5 were prepared to present comparisons between observed and
computed stiffness ratios of the stiffeners. In figure 4 the ordinates are
stiffness ratios and the abscissas are stiffener depths. The points indicated
by the circles and squares are observed values from testing with the stiffener
up and down, respectively. The solid line in each graph represents the values
of stiffness ratios, computed from formula (70). In general, the observed
values are slightly higher than the computed ones. This is probably due to
the approximations made in the theoretical treatment and to the effect of
original lack of flatness in the plywood. In figure 5 the ordinates are the
observed stiffness ratios of the stiffened plates and the abscissas are sums
of the stiffness ratios of the stiffeners according to formula (70) and those

of the unstiffened plates; both are divided by the sums of the stiffness ratios
of the stiffener alone and those of the unstiffened plates. These parameters
make it possible to check all the results for accuracy in one graph. For the
stiffnesses of the unstiffened plates the observed values were used. The 45°
line is the locus of perfect checks between theory and experiment. The
scatter of the points is probably due to the original lack of flatness of the ply-
wood tested, but a definite correlation between theory and experiment is in-
dicated.

Conclusions

The mathematical analysis presented in this report represents with reason-

able accuracy the results of experimental tests to determine the stiffness of
a plywood plate reinforced by an attached stiffener. The formulas developed
make it possible to locate the position of the neutral surface and to compute

the stiffness added to the plate by the attached stiffener.

Notation

The following symbols are the major ones used in this report. All quantities
are in inch and pound units.

a = the length of the sides of the plywood plate, parallel to the length
of the attached stiffener.

b = the length of the sides of the plywood plate, perpendicular to the
length of the attached stiffener.
d = the depth of the stiffener, measured perpendicular to the face of

the plywood.
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h = thickness of the plywood.
k = a constant in equation (68) depending on the condition of support
of the edges perpendicular to the stiffener.
t = the width of the stiffener, measured parallel to the face of the
plywood.
z = distance from the center of the plywood to the neutral surface,
which has been shifted by attaching a stiffener to the plywood.
E, = effective modulus of elasticity of plywood in compression measured
parallel to the side of length a of plywood plates.
Eb = effective modulus of elasticity of plywood in compression measured
parallel to the side of length b of plywood plates.
E_ = modulus of elasticity of Sitka spruce stiffener in the direction

parallel to the grain, as determined from a static bending test.

Computations

Observed stiffness factors (P/8) of the plate-stiffener combinations were
obtained from the straight-line portion of load-deflection curves by dividing
a load by the corresponding deflection. This factor was determined for the
stiffener-up and the stiffener-down positions and presented in table 3 in
columns 2 and 3 respectively.

Observed stiffness factor (P/§) of the plywood plates alone were obtained
in the same way from data taken after the stiffener had been completely re-
moved. These data are given in column 4 of table 3.

The observed additional stiffness due to the attached stiffener is the differ-
ence between the observed stiffness factors of the plate-stiffener combina-
tion and of the plywood plate alone. These values are presented in column
5 for the stiffener up and column 6 for the stiffener down.

The computed stiffness factors of the stiffeners about their own axes were
computed from the formula:

3 3
P 4E_ td “Estd

= 3

) L 488.3

and presented in column 7 of table 3,
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The computed values of the additional stiffness due to the attached stiffener
were obtained from the formula:

48EI, EI

= T ——

P
6 L 40.7

where values of EI, were obtained from equation (70). These values are
found in table 3, column 8. The ratios shown in columns 9 and 10, table 3
were obtained by dividing the values in columns 2 and 3, respectively, by
the sums of the corresponding values in columns 4 and 7. Column 11 con-
tains ratios obtained by dividing the sum of the corresponding values in
columns 4 and 8 by the sum of the corresponding values in columns 4 and 7.

Tests of Minor Specimens

Coupons were cut from the specimen after test, from which the elastic
properties of the specimen were obtained. They included: one for a static
bending test, the face grain parallel to the direction of applied stress; two
for compression tests, the face grain perpendicular to the direction of ap-
plied stress; and one for a plate shear test.

The static bending tests were made to determine the effective modulus of
elasticity in bending when the face grain is parallel and when it is perpendicu-
lar to the span. The specimens were tested as simply supported beams,
centrally loaded. The coupons were 2 inches wide and the spans used were
48 or 24 times the thickness of the coupon when the face grain was parallel

or perpendicular to the span, respectively. Effective moduli of elasticity

in bending were computed from the formula:

3
E) or Ep = ——=
4bd-y
where:
P =1load, pounds
L = span, inches
b = width, inches
d = depth, inches
y = deflection, inches

The coupons that were tested in compression were 4 inches long by 1 inch
wide by the thickness of the plywood and were tested in a device which pro-
vided lateral support to keep the specimen in the plane of the load. The
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effective moduli of elasticity in compression were thus obtained in the two
different grain directions, using the formula:

PL
E, or By = K;r-
where:
P = load, pounds
L, = gage length, inches
A = cross-sectional area, square inches
y = deformation, inches

Plate shear tests were made to determine the shear modulus of the plywood.
The coupons were cut into squares of which the dimensions of the sides were

30 to 40 times the thickness. The test is described in Forest Products Lab-
oratory Report 1301. Shear moduli were computed using the formula:

2
_3Pu
LT 7 2 whi

where:

P = load, pounds

u = gage length, inches
deflection, inches
thickness of plywood, inches

w

h

The stiffeners, prior to attachment to the plywood, were tested as simply
supported beams, centrally loaded, to determine the modulus of elasticity.
The span used was 14 inches. Moduli of elasticity were computed by the
formula:

3
E =_FL

®  4pddy

load, pounds
span, inches
width, inches
depth, inches
= deflection, inches

< o W
M
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APPENDIX

Some exploratory tests were run to determine the accuracy of the theory

as applied to plates having various ratios of length to width. Two pairs of
matched plates were cut from 1/4-inch, five-ply, yellow birch plywood. The
direction of the face grain of one pair was parallel to the long sides of the
plates and of the other pair, perpendicular to the long sides. One of each
pair was stiffened with a rectangular stiffener, three-eighths inch wide and
one-half inch deep, and attached at the short centerline of the plates. Each
plate, with all four edges simply supported, was tested by the application
of a normal load at a point in the center of the plate, in the manner des-
cribed in the body of this report. The lengths of the plates were then re-
duced and the plates tested again. This procedure was repeated until a
range of length-to-width ratios of 2.17 to 0.4 was obtained.

A load-to-deflection ratio (stiffness ratio) was obtained from each test. A
similar ratio was obtained for the matched unstiffened plate having the same
dimensions. The difference between the ratios in each case is a measure of
the effective stiffness of the attached stiffener. These values are presented
in table No. 4 with the corresponding dimensions of the plates and the length-
to width ratios (b/a). Computed stiffness ratios of the stiffeners were ob-
tained using equation (70) and are also presented in table No. 4. Due to
lack of minor data on these particular plates the following values, which
are averages of values obtained from plywood of the same construction and
from the same source of supply, were assumed: the effective modulus of
elasticity of the plywood in compression measured parallel to the grain di-
rection of the face plies -~ 1,360,000 pounds per square inch; the effective
modulus of elasticity of the plywood in compression measured perpendicu-
lar to the grain direction of the face plies -- 940,000 pounds per square
inch; and the modulus of rigidity associated with shear deformations in the
xy-plane resulting from shear stresses in the xz- and zy-planes -- 160,000
pounds per square inch.

In figure No. 6, observed and computed effective stiffness ratios (P/$) of
the attached stiffeners are plotted against length-to-width ratios (b/a).
These graphs show that the theory presented in this report applies to plates
having length-to-width ratios of about 0.8 or over. Computed values are
too low when length-to-width ratios are much below 0.8.
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Table 1.--Construction of plywoods tested

Plate No. : Species : No. of : Thickness : Construction
: : : plies : of plies
(1) (2) (3) (&) : (5)
: : Inch
Ix~1 : :
%3x-2  :Yellow birch : 3 1/16 : The direction of the
3bb-1 : : : : grain of the core per-
12bb-1 :Yellow birch : : : pendicular to that of
¢ faces : : 5 : :
12bb-2 :Yellow~-poplar : 5 l/l : the faces.
: core :
25bb-1 : : : :
:Yellow birch L . 1/48 : The direction of the
25bb-2 : : : :
----------- mmm e mrmmmm— e e n fa === ——~ ;. @Yalin of the two 1nner
26bb-1 : : :
:Yellow birch : b : 1/20 : plies parallel to each
26bb-2 : : :
----------- el e e me ;= =——=——-n~w=—: Other and perpendicular
h1x-1 :
; to that of the outer
hix-2 : : : :
:Yellow-poplar L. 1/20 : plies.
41bb-1 . . :
L1bb-2
1hx-1 : : : The direction of the
Yellow birch 5 :  1/20 :
lhx-2 : : : grain of each ply per-
15xa-1 : : : : pendicular to that of
:Yellow birch : 5 @ 1/16 :
15xa-2 : : : : adjacent plies.

= -
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Table 2.--Dimensions and elastic properties of stiffened plates

— —_—— e ——

Plate : Dimensions : Information from minor tests
No. : h e b t : El E2 B Eb

O e v o ® e o e o v e ® e o n v v v ¥ o e vt ® e ot oo e et " wm o e v o oon ot P o oy v oot ot v oo Pt e o wt am wm we ® w2 v
e o S e S e mamm e St e $ - ——— [ Y L M b - ] - - ———
. . -l - M - : -7 - - -l - - - M

: Inch : Inches: Inches: Inch : 1,000 : 1,000 : 1,000 : 1,000 : 1,000 : 1,000

3x-1:o.177 ; 12.46 i 18.00 20.249 § 180 ; 2,267 i 786 § 1,522 i 162 i 1,595
5x—2§ .177‘§ 12.46 ; 11.00 ; .23 i 2,267 ; 180 i 1,686 2 810 i 162 ; 1,671
3bb-1§ LATh ; 12.46 ; 2L, 00 i .252 ; 170 ; 2,240 ; 766 ; 1,435 § 172 ; 1,627
12bb-l§ .180 i 12.46 i 24,00 ; 184 ; 156 ; 2,395 ; 518 ; 1,575 i 151 i 1,659
12bb—2§ 179 ; 12.46 ; 10.00 : .178 § 2,347 ; 162 : 1,434 ; 58l : 170 j 1,631
25bb-l; .080 ; 12.46 i 2k .00 i 124 i bl i 2,388 i 1,198 ; 1,216 ; 253 ; 1,488
25bb—2§ .080 i 12.46 i 10.00 ; 124 i 2,028 ; 460 ; 1,181 i 1,136 i 230 ; 1,642
26bb—l; 184 ; 12.46 § 2k .00 ; STk : 415 ; 1,826 ; 1,275 § 1,172 i 137 ; 1,590
26bb-2: .181 12.46 10.00 376 1,826 415 1,172 1,275 137 1,713
hlx-lz A75 12.46 18.00 248 okl 1,395 895 996 125 1,726
ulx-ez 175 i 12.46 : 11.00 ; .252 : 1,395 ; ol ; 967 i 955 ; 125 i 1,750
hlbb-li .184 i 12.46 ; 24.00 ; 245 ; 292 ; 1,530 ; 872 ; 892 ; 107 ; 1,617
hlbb-Qi .186 : 12.46 ; 10.00 ; 2k ; 1,491 i 283 ; 902 ; 960 ; 105 ; 1,650
1hx-1§ .239 ; 12.46 ; 18.00 i .250 ; 620 § 1,764 ; 1,010 ; 1,473 i 166 ; 1,703
14x-2§ .240 i 12.46 i 11.00 § .250 i 1,764 § 620 i 1,380 Z 976 i 166 ; 1,751
l5xa—l§ .285 ; 12.46 ; 2k .00 2 .506 ; 673 ; 2,173 ; 1,182 ; 1,712 ; 162 ; 1,764

l5xa-2; 284 ; 12.46 ; 10.00 ; .50% ; 2,142 ; 662 ; 1,642 : 1,158 : 161 : 1,557
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Table 3.--Observed and computed stiffness ratios (P/3) of plywood plates, stiffemers, and combinations

Stiffness factors (P/5) Ratios
Observed Computed : Observed :Computed
DOPER 2o o o o i i o i i i L S A i § i e e R = i o { = e
of Combination : Plywood: Additional due to :Stiffener:Additional: : :
stiffeners: plate stiffener :about its: due to :  (2) :  (3) . (4)+(8)
immemmmo—mmestesmsos: QlOME jmm-mmmeemmss—se—eee : own axis: stiffener: (H)+(7): (F)+({): (7
:Stiffener:Stiffener: :Stiffener:Stiffener: : : H z
up down up down
(1) (2) 3 = ® : (5 (6) () (3) (3) (10) (11)
R N Y T N T Y N e e R e e e e e A e RAR AT R TS T
Inches : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds
: per inch: per inch: per imch: per inch: per inch: per inch: per inch : por ingh:per inch:per ¥nch
: H H H H H H : H
Plate No. 4lx~2
0.486 540.6 1 550.5 158.6 : 382.0 331.9 104.7 409.2 2.05 2.09 2.16
373 380.1 11.3 158.6 : 221. 252.7 k7.3 : 230.5 1.35 2.00 1.89
.255 249.0 279.0 158.6 :  90. 120.4 15.1 ¢ 104.5 1.43 1.61 1,51
.190 207.3 207.4 158.6 :  L48.7 Le.8 6.2 ; 58.6 1.26 1.26 1432
122 21L.2 1742 158.6 :  55.6 15.6 1.7 26.1 1.3% 1.09 1.15
Plate No. 4lbb-2
.692  :2,204,0 :2,162,2 1744 :2,029.6 :1,987.8 : &22.7 ;1,955.2 2.21 2.17 2,14
887 :1,742.9 :1,777.8 17H.4 01,568, RSP IR 2.35 2.39 2.22
775 :1,419.1 :1,400.4 1740 c1,20%, .3 :1,107.9 2.50 2.7 2.26
626 :1,019.1  :1,079.3 17hA sl : .9 2.67 2.83 2.25
502z 689.8 ; 698.8 By (AR .6 2.45 2.49 2.11
.2hg 298.5 312.9 17k .7 1.59 1.67 1.55
.992  :1,832.1 2.31 2.35 2,67
876 :1,b76.1 2.h2 2.56 2.66
775 :1,219.9 2.31 2.52 2.59
26 : g57.2 2.43 2.55 2.37
.99 606.1 2.16 2.39 2,05
251 298.8 1.39 1.46 1.33
Plate No. 3x-2 ] )
4g6 657.6 660.9 179.3 : 478.3 @ Wol.6 : 964 : U53.1 2,38 zfuo 2.39
.361 452.9 Uhg.6 179.3 :+ 273.6 270.3 39.5 : 231.8 2.07 2.05 1.88
312 384.6 368.5 179.3 : 205.3 189.2 25.5 : 168, 1.88 1.80 1.70
.24y 316,1 275.7 179.3 ¢ 136.8 96.4 12,6 : 102. 1.65 1.4 147
.130 231.2 173.2 179.3 ¢ 51.9 -6.1 1.8 :  29.2 1.28 .96 1.15
.069 198.9 169.5 179.3 ¢ 19.6 : ~=9.8 = 3 0: 10.1 1.11 94 5 1.05
) H B b
Plate No. 25bb-2
292 805.8 817.4 116.8 689.0 : 700.6 : ¥11.0 :1,004.0 1.53 1 1.55 : 2.12
876 686.1 718.2 : 116.8 569.3 1 60l.4 : 283.0 751.0 1.72 :+ 1.80 2.17
751 499.% S5H.2 116.8 382.5 @ 437.4 178.3 : 501.5 1.69 1.88 : 2.10
625 7.7 399.6 116.8 230.9 282.8 102.8 : 317.1 1.58 1.82 1.98
.501 229.4 278.4 116.8 112.6 161.6 52.9 182.7 1.35 1.64 1.76
252 71.0 122.2 116.8 -45.8 5. s 6.7 33.6 .57 .99 3 1l.22
999 2,927,0 1.99 = 1.83 2.00
.875 232.2 12,1451 2,21 @ 2.09 2.02
'770 €0d,0  11,598.5 2.39 ¢ 2.27 2.1
J629 3314 +1,012.1 e o2ds «o2.5
L0k 1746 @ €29.0 2,30 1 2.4 2.05
:269 26.9 1 166.9 1.57 @ 1.69 1.49
I H
589.3 1.75 1.60 1.77
:gﬁg 1';22:? 336.5 1.5{ 1.;2 i.gg
246 692.9 143.4 1,28 1. .
. 1 §3.0 1,11 1.09 1.08
'é%; §§§I5 17.2 1.03 1.06 1.03
X 1.4 ; 7 7.8 :5,2H0.6 2,06 1 2.07 2.37
e 22'287.4 3.6 13,4885 11,083.9 13,7220 22l : 20l ¢ 232
k5 <3.671.9 5.6 12,653.3 ¢ G6LO 2, 65hT 2.19 = 2.3 S8
e :2'993 2 6 21 879.6 1 390.3  :1,840.9 2.13 1.52 ¢ 2.03
sy .1.28l 197.4  11,138.7 1.89 1.92 1.77
s :2,303.5 - 260 s 2953 1.3 1.3 @ 1.26
.250 :1,2.1 r 393.F 25.0 ¢ 29%.3 5
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Table 3.--Qbserved and computad stiffness ratios (P/$) of plywood plates, stiffeners, and combinations

{continued)
¢ Stiffness factors (P/5) : Retios
Observed : Computed s Observed :Computed
Depth L LD LB L bl e D s ] W e e e e | e W m
of : Combination : Plywood: Additional due to :Stiffener:Additional: : :
stiffeners: : plate stiffener :about its: due to : (2) : S}) : (’4)*'(3;
tmammammamsmmesmasaoi 21000 f-=-—e-e—cesomoceaoe : own exis: stiffener: (H)+(7): +{()s +{7
;Stiffener:8tiffener: 18tiffener:8tiffener: : : : :
up 1 dowm : up :  down 3
—— e | A e g H H (eEmmEsres (ee ses reew - fmwe—y——w i —
(1) = (@) = () M (5) : (&) 1+ (7)) : (8) : (9 = (10) : (1)
. i : : T ame— s H l EaE B b L] tmmmm———— pm————w-
Inches : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds : Pounds

: per inch: per Inch:per inch: per inch: per inmch: per inch: per inch :per inch:per inch:per inch
H : : 3 : H H : 3 B
Plate No. 41x-1

0.486  523.6 510.2 :  94.9 : L2g.7 : 415.3 : 101.6 : 394.8 = 2.66 2.60 2.49
3720 3472 3517 4.9z 252.3 : 256.8 : 4§56 : 221.2 i 2.7 : 2.50 2.25
252 @ 221.h4 228.1 * 94,9 : 126.5 : 133.2 1E.2 98,6 ¢ 2.03 : 2.09 1.77
127 : 125.8 132 ¢ 94,9 : 309 : 36,5 : 1.8 : 27.1 : 1.30 : 1,36 1.26
L0661 102.2 108.9 : 94,9 : 7.3 +  14.0 : 2 9.t 1.07 t 1.15 1.10

: H H : H : H
Plate No. 41bb-1

1.032  *1,933.3 %1,787.2 72.2 f1,861.6 1,715.0 ¢ 900.3 32,090.8 * 1.99 1.84 2,22
.337 1,513.9 °‘1,493.1 ¢ 72,2 1,W41.7 *1,420,9 ¢ 515.6 !1,357.3 ¢ 2.58 2.54 2.43
45 11,165.6 =1,1a9.4 72.2 f1,093.4 f1,067.2 * 338,7 ¢ 98L.6 ¢ 2.8 2.77 2.57
637 ¢ 860.7 G- 84l.6 P 72,2 % 788.5 * 769.4 * 211,7 ¢ 690.8 ' 3.03 2.96 2.69
.383  f 339.2 ¢ FW3.8 72.2 267.0 271.6 *  Wg.0 ¢ 226.9 * 2.87 2.91 2.53

Plate No. 12bb-1

1.002  :1,472.9 :1,386.9 : 65.8 :1,407.1 :1,321.1 : 641.9 $1,569.0 2.08 1.96 2.31
B72 0 il,212.1 :1,243.5 ¢ 65,8 :1,146.3  :1,177.7 ¢ 423.1 :1,135.5 2.48 2.54 2.4€
46+ 97646 917.8 : 65.8 : 910.8 : 852.0 : 264.9 : 792.8 2.95 2.78 2.60
630 ¢ 683.8 6.2 = 65.8 ¢+ 618.0 : 6084 : 159.6 : 539.7 3.03 1 2.99 2.69
502 ¢ L36.5 Ws.3 ¢ 65.8 ¢ 370.7 : 379.5 ¢ 80,7 : 324.8 2.98 3.00 2.67
246 ¢ b6l 16,1 = 6.8 80,3 :  80.3 ¢ 9.5 t 7l.5 1.9% 1.94 1.82

: 3 H H H
Plate No. 3x-1
Jgg ¢ o526, Fo532.3 ¢ 116.5  hio4 P Wik f 96,0 ' 393.0 2.48 2,50 2.40
243 b 212.6 F 209.5 f 116.,5 % 96,1 f 93,0 ' 11.8 ' 83.9 1.66 1,63 1.60
092 215,11 f 171.0 ' 116.5 % 98.6 ' shs5 ¢ 6 ¢ 15,1 1.8 ' 146 ' 1,12
066 ' 136.6 156.3 116.5 : 20,1 ' 39.8 2 3.0 1.17 ¢ 1.3 1.08
Flate No. 3bb-1
Ldo2  f hog,3 * Lg7.5 95,7 ¢ Wo2.6 ° BO1.8 ¢ 101.0 * 405.7 2.53 2.5% 2.55
369 311.8 ¢ o316.2 7 95,7 f 2161 f 220.5 ¢ 42,6 f 216.1 2.22 2.28 ' 2.25
232 F o121k Po105.3 ¢ 95.7 : 25.7 !} 9.6 ! 2.0 F 2.2 1.28 ¢ 1,08 ' 1,27
Plate No. 25bb-1

1.000 874.0 765.8 29,6 : #W.Y : 736.2 : 381.5 : 988.8 1 2,12 : 1.86 2.,bg
840 1 621.1 601.5 : 29.6: 591.5 : 571.9 : 226,1 : 638.0 : 2.43 : 2.35 2.6l
.755 @ 518.1 500.0 1 29.6 : 8.5 : 470.4 . 164.2 . kg7.6 2.67 2.58 2.67
627+ 379 356.1 :  29.6 s 318.3 : 326.5 : 94%.0 : 305.2 2.81 2,88 2,71
505 ¢ 207.9 212.6 : 29.6: 178.3 : 183.0 : Lg,1 . 176.8 2.6 : 2.70 2.62

251 49,0 b6l 29.6 +  19.4 :  16.8 6.0 : 31.0 1.37 1.30 1.70
H t 3 H H :

Plate No. 26bb-1 ’
999  :2,820.5 :2,762.4 : 107.6 :2,712.9 :2,654.8 :1,225.9 :2,903.2 2.12 : 2,07 2.26
&75  :2,338.1 :2,285.7 : 107.6 :2,230.5 :2,178.1 : &23.7 :2,131.0 : 2.51 : 2.45 2.40
758 31,894.2 1,7%3.9 : 107.6 :1,786.6 :1,618.3 : 535.5 :1,531.5 1 2.9% 2.60 t 2.55
500 i 833.3 geh.2 : 107.6 ¢t 723.7 1 756.6 0 153.7 : 602.7 3.19 3,31 : 2.72
242 272.0 267.0 107.6 = 1644 : 159.4 : 17.h : 132.0 2.18 2.1 ¢ 1.92

Plate No. 1llix-1
g8 . 869.6 : 890.2 : 308.3 : 56l.3 : 581.9 : 102.3 549.4 2.12 : 2.17 2.09
.385 ;. 802.3 o« 65h.M4 i 308.3 : 394.0 ¢ 346.1 : 50.2 332.3 2.24% ;. 1.82 1.79
251 : b8h.7 o 473.9 ; 308.3 : 1764 162.6 : 13.9 1h0.6 1.50 5 1.47 1.39
106 @ 386.0 1 332.5 5 308.3 ¢ 77.7 24.2 1.0 31.2 1.25 : 1.07 1.10

H H : $ : :

Plate No. 15xa-1
996 15,166.0 :2,745.1 : LU96.9 ik, 6€9.1 :2,2hk8.2 :1,824.0 15,069.4 2.22 1.18 : 2.40
860 =E,ooo.o :2,958.6 + 496,9 33,503.1 :2,461.7 :1,174.0 :3,669.9 2.39 1.77 * 2.49
L £3,125.0  :2,526.2 ¢ Lgh.9 :2,628.1 :2,028.3 : 760.0 :2,682.3 2,b9 2,01 = 2.&3
L6352, 478.1 :2,141,0 : LU96.9 :1,981.2 :1,644.1 : Y472,5 :1,918.8 2.56 ¢ 2.21 : 2.49
.518  11,886.8 :1,682.2 : 496.9 :1,389.9 :1,185.3 : 256.6 :1,261.8 2.50 : 2,23 t 2.33
266 1 892.8 i ¥76.8 : 1496.9 : 395.9 : 379.9 : 34,7 352.8 1.68 1.65 : 1.60
(Report No. 1557) (Sheet 2 of 2)
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Table L4.--Dimensions and stiffness ratios (P/8) of plywood plates

Plate: : : : : Stiffness ratios :

No. : : : : 2~ et bt Yo P 0 :
: : : Plywood : Attached
plates : stiffeners

:Stiff- ¢ Un- : Ob- : Com- :

h b a b : ened : stiff-:served :puted : q E
a : : ened : : : g
(1) : (2) (3) (4) (5) (6) (7) (8) = (9) (10) & (11) : (12)
Inch :Inches:Inches Pounds :Pounds :Pounds :Pounds: Inch : Inch : 1,000
: : per : per ! per : per : : : p.8.l.

: inch : inch : inch : inch

14 :0.2h2 ; 23.0 ; 12.46 ; 1.845 ; 1,384 ; 560 . 8o : 815 io.378 20.&97 i 1,720
:.@m ZmL0§12A6§JJ&5§ L}%.i 563 2 831 : &5:.5w§ Aqrilﬂa)
elite) 3 16.0 ; 12.46 ; 1.284 f 1,377 ? 558 ; 819 ; 815 ; 378 : gy ; 1,720

.2hp ; 12.0 i 12.46 : .963 i 1,415 ; 618 ; 797 ; 815 i 578 ; .bgy i 1,720

2h2 i 8.0 ; 12.46 : 642 ; 1,663 i 789 ; 874 ; 815 i .578 ; Nl i 1,720

.o42 i 6.0 i 12.46 ; A8e f 2,133 ; 1,190 ; 943 ; 815 i .378 ; el i 1,720

: .Ph2 ; 5.0 i 12.46 i Aol ; 2,580 i 1,556 ; 1,024 § 815 i 378 ; g7 ; 1,720

14B : .2h5 ; 27.0 ? 12.46 ; 2.167 i 1,136 ; 330 i 806 ; 817 ; 376 i .506 Z 1,836
: .2h5 ; 2k .0 § 12.46 i 1.925 i 1,130 f 3%% ; 797 i 817 i 376 ; .506 : 1,8%6

' .2h5 § 20.0 ; 12.46 é 1.605 ; 1,130 ; 347 i 783 ; 817 ; HT6 : .506 ; 1,8%6

; .oks ; 16.0 § 12.46 ; 1.284 ? 1,198 i 413 ; 785 ; 817 : 376 ; .506 i 1,8%6

f .o45 ; 12.0 ; 12.46 : .963 ? 1,409 ; 583 i 826 i 817 i 376 ; .506 : 1,836

; 245 ; 8.0 ; 12.46 i 642 i 2,062 j 1,250 i 812 ; 817 ; 376 § .506 i 1,836
245 i 6.0 i 12.46 i 482 ; 3,307 i 2,062 ; 1,245 ; 817 ; 3T6 ; .506 i 1,836
.z@-z 5.0 212A6; A01; m1ﬂ+?2;m5§ Lhm_z BIZE.F% z.ym 21356
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Figure 1.--Choice of axes and dimensions of plywood plate and
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Figure 3.--Supporting frame for stiffened
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