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Abstract

This is a mathematical analysis of the stress distribution existing near
a hole in a wood or plywood plate subjected to tension, as, for example,
near holes in the tension flanges of wood box beams. It is assumed that
the strains are small and remain within the proportional. limit. In this
analysis a large, rectangular, orthotropic plate with a small, elliptic
hole at the center is subjected to a uniform tension along two opposite
edger. By taking equal axes for the elliptic hole, the theoretical stress
distribution in the neighborhood of a circular hole is obtained. The
analysis shows that for a circular hole in a plain-sawn plate of Sitka
spruce a maximum tensile stress of 5.84S is attained, S being the uni-
form tension applied in the direction of the grain. This maximum stress
occurs on the edge of the circular hole at the ends of the diameter par-
pendicular to the direction of the uniform tension. Although this stress
concentration may be greater than that found in isotropic materials, it
is much more sharply localized and is relieved by plastic flow when the
stress exceeds the proportional limit. For the reader who does not
wish to follow the mathematical details of this report, the formula for
computing this maximum stress for wood or plywood and an explanation
of the constants involved is given in the appendix. The formula has not

1, . .
“This progress report was originally preparted by the Forest Products
Laboratory in 1944,

~Maintained at Madison, Wis., in cooperation with the University of
Wisconsin.
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been confirmed by an extensive series of tests, but it was found to be in
reasonably satisfactory agreement with the only test made. It is also
demonstrated that for the Sitka spruce plate mentioned the maximum
shear stress attained is 0.71S (fig. 5). The stress function from which
these formulas for the orthotropic case are obtained is shown to reduce
to the well-known stress function for the isotropic case.

Introduction

An orthotropic material possesses three planes of elastic symmetry at
right angles to each other. If from such a material a flat plate is cut
parallel to a plane of symmetry, it will have two perpendicular axes of
symmetry in the plane of the plate. In the discussion that follows, a
large rectangular orthotropic plate of this type with its edges parallel to
the axes of symmetry and with a small hole at its center will be consid-
ered. A uniform tension S will be taken to act on two opposite edges of
the plate as shown in figure 1, and the resulting stress distribution will
be obtained. Throughout the report it is assumed that the strains are
small and remain within the limits of "perfect elasticity.”

The solution is first derived for an elliptic hole with major and minor
axes coinciding with the axes of symmetry. By taking the major and
minor axes equal, the solution for a circular hole is obtained. For the
orthotropic plate, the solution for the circular hole is but slightly more
simple than that for the elliptic hole. This is different from the corres-
ponding problem for the isotropic plate.3 The stress-strain distribution
in the neighborhood of the circular hole is notably different in an ortho-
tropic plate than in an isotropic plate as the concentration may be con-
siderably higher and of a more localized character for the orthotropic
than for the isotropic plate. Thus in a plate of plain-sawn Sitka spruce
with a uniform tension acting in the grain direction, the greatest stress
component at the edge of the hole decreases rapidly to one-halfof its
maximum value in a radial distance of less than one-tenth of the radius.
For the isotropic plate the corresponding stress component decreases
to one-half of its maximum value in a radial distance larger than one-
half of the radius from the edge of the hole.

§Timoshenko, S. Theory of Elasticity.
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The Effect of Eliptic or Circular Holes on

the Stress Distributionina WoodPlate

The components of stress and strain in a plate under plane stress are
connected by the following relations4if the axes of x and y are taken as

the axes of elastic symmetry of the orthotropic plate:

T
1 yx
“xx T E Xx'E Y}r
x y
Txy
eyv =" E *xtE® Yy k- (1)
x ¥y
1
LY
“xy T B Y
Xy

In these equations Ey and Ey are Young's moduli in the x- and y -direc-
tions, respectively. Poisson's ratio o, Is the ratio of the contraction

parallel to the y-axis to the extension parallel to the x-axis associated
with a tension parallel. to the x -axis and similarly for o X" The quantity

Hxy Is the modulus of rigidity associated with the direCtions of x andy.

Since the equations of equilibrium are deduced with no reference to the
law connecting stresses and strainns, they will be satisfied by a stress
function F such that

X, =5 Y, = —, X, = om o 2)

£1March, H.W., Stress-Strain Relations in Wood and Plywood Consid-
ered as Orthotropic Materials, U. S. Forest Products Laboratory
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Substituting (2) in (1) and then making use of the compatibility equation

the following differential equation, satisfied by the stress function F, is
obtained:

4. o 4
1 8°F 1 Xy, B F 1 8 F B
E 4“,; 2 ) TS ot E T 3)
y Bx xy x Ox dy x Oy
g -
In deriving (3), the relation
-‘_Tx_ o —~
E  E (4)
x y
has been used.
It is convenient to rewrite equation (3) as2
3 - atF +a4F . ©
e — - K b=
Ex4 szﬁﬂz ﬂﬂ4
where
e z [:p - ) (6)
X.y x
by making the substitution
n =y ™

5March, H, W., Flat Plates of Plywood Under Uniform or Concentrated
Loads, U. S. Forest Products Laboratory Report No. 1312.
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where

E (8)

Substituting E = F(x + vn) in (5) leads to the following equation for v:

vir 2 el =0 (9)
or

Y L T (10)
Now let®

k = cosh ¢ (11)
then

vi = cosh ¢ + -\jccnshztb -1

= -coshdé % sinh &

S For wood or plywood, k as defined here is probably always greater
than 1.
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Hence, the roots of equation (9) are

$/2 - a2 . B2 . -b/2

’ Vv, = =le i 1-’4 = =le

2 g2 g gt

: _ +B°—) F =0 (12)
i'ixa E'}Tl?' Exz i:IT]":

o =e? , g% =e? (13)

The solution of equation (13) is facilitated by taking E of the form

F =R [Fl (= + ian) + FE. (x + isfﬂ + Fc: {x, m) (]_4)
where
a=e¢;2=_"|.m+ j,,hcg-l . B=E—¢‘I‘;2:—'K— Kz-'.
(15)
i= "'LI?T

Fo (X, n)is any particular solution of (12), and the letter R means that

the real part of the expression in the bracket is to be taken. That (14)
is a solution of (12) is easily established by direct substitution. Equa-
tions (12) and (14) hold for the stress function associated with any elastic
problem of plane stress in an orthotropic plate with x- and y- axes
chosen as described here.
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A suitable choice of E for the problem discussed is

Y A ! 2,.2
F=R = ?{7.1 -w]} t Y, log {zl +w1)
Z\rl
B 1 2 2 s
" d (z, —wzj ty, log(zy +w,) t =3 (16)
z‘f. 2!
2
where
z) =x +1amn , z, =x +ifin ,
(17)
. fz 2
m= "1’*’?1 “z"'\fza'*'a'
] 2 222 2 2 2 2 2
\‘rfﬁa. - e b, "rz:'d -Be b (18)
the boundary of the hole (fig. 1) is given by
x=a cos O , fizey =¢b sin 8 , (29)

and S is the uniform tension applied at the ends of the plate.

In order that the stresses may be single-valued, the square roots in (17)
are to be chosen so that the following relations always hold:

>

2.1 +w1 1;1 i z2 . wa

Y2
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Then

B

_:h

Bx <
and

8F _n

an

] | _']'
& z W B + :
= & W
1 H 2 2
i 57
A | ——== B | L g
5:1-1\,-.?' n_t w Ez_

(20)

(21)

On the boundary of the hole x and 1 are given by (19), so that

z) twy =

a cos B +ime b s5in 8

{
|

Yy

Z p 22 2

a“ coa“0 + 2ioe ab cos® g5in® - > ¢ b

a cos O +izeb sin 6 + (aeb cos © + ia sin 8)

(2 + aeb) E:LB

Similarly, on the edge of the hole

ig
zz+w2={a+ﬁeb]e

Z Z 22 2
gin &8 -a +o¢ b ,

(22)

(23)

(24)

Consider the boundary of the hole in figure 2, and orient the positive
direction of the normal v and of the tangent 1 relative to one another in
a way similar to the orientation of the x- and y-axis, respectively.
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Let X, ds and Yy ds represent and x- and y-components of the force per

unit'thickness of the plate, acting on the element of arc ds of the boundary
from the positive side indicated by the direction of positive v. Then

X, =X, cos (x, v} + XY cos (y, v) .,

HZF .
= cos (x, v) -
HYZ Ixdy

cos {y, v)

Y =X_ cos(x, V}-I*Y.Y cos (y, v) .,

v -y
2T e (2, v} +2Ec0s (7, v)
= = cos (%, v} + cos {\y, Vv
dxdy sz
But
d
cos {x, v) =cos (y, 7) = -L ,
ds
(25)
cos (y, v) = - cos (x, T) = - %
so that
x O°F dy, 8°F ax 4 (oF
v Byz ds ®xdy ds ds By
(26)
82F dy 8%F dx_ 4 ,OF
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Equations (26) for a boundary on which no stresses act take the form

d,8F d (8F
—{(==)=0 , —(=)=0
ds By ds 1':Elx}

Hence, 2F and 2E are constant along a free boundry.
Dx. 9y

Then, on the boundary of the hole,

2 - (27)

Substituting (23) and (24) in (20) and (21), it follows from (27) that

E-—lE . -18
R Fat TBITERE | =% ¢
and (28)
. =iB . =g . C
ie Bie Seb sin @ 2
R Aa+mb+Ba+ﬁeb Ll T e

Taking the real parts

A . B g -
a + oeb a + Feb e ¢
- (29)
A Bf Sb o)
a + geb +a-+ Peb e SIHB:T

These equations must be satisfied for any value of 8, hence
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4
o
]

L]

a+aeh+a+,8¢h-

and
Ao BfS Sb B
1+mh+a+&h+"—"=n ¥ cz-ﬂ "
Therefore,
A= - M
« (e -B)
(30)
_5k !a + Esb}
€ (a-B)
By using equations (30), the stress components are found to be
2
a°F Sb (a + oxb) (a2 4+ Beb)
=5 = k=5 - < (31)
Exz v e {e - () [wl (z] F wl} ".1'-'3 {ZE + WZ]
20°F _, _p ) Sb [-alatam), 8 2a + Beb) ||, & »
€ BYZ“ x (e - B) wl{zl+w1] l;z -I-w2 (32)
2 ' :
BF - Sb -ai(a + aeb)  Bi{a + Beb)
“an Ny TR @B 1:-.»1 (7 + w) v w, (2, * wz]] . (33)

To obtain the stress components for a circular hole, it is only necessary
toletb = a in equations (31), (32), and (33). Then
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- Sa (1 + m} “. 4 BEI
quR ele - B) w"l [zl+w'l]' w'z{zerw? (34)
2 2 2
5a"¢ ~a {1 + ae) B°(1+ )
= R = wt [] o = el ¥ B 35
Xy e B R RS I CRE 2)} (35)
2 - ; y
S5a -ai (1 + ox) Bif{l + Be)
xy‘ =R i ae B w; (z.l 1+ wi ) ! W.L’. {z.g + w‘zl]} (36)
where

Wi = -\/513 - az {1 = ﬂ'zl‘z} [ W‘g =-J5§ = az {l = ﬂz‘z] ' (37)

Expressions (31), (32), (33) are complicated and do not permit easy

computation of the numerical values of the stresses. The most impor-
tant information they contain is, of course, in the neighborhood of the
hole.

Stresses at the Edge of the Hole

From equations (22), (23), and (24), it is found that over the edge of the
elliptic hole

Sbe'iﬁ 1 1
Y?”R1e{a-ﬁ} cebcos B +iasin®  Bebcos @ + iasin@ ’

s - - 38)

r _-u

-ig 2 2

Sebe o B
Xx-Rf—(&-m- mbcnaﬁ+iasinﬂ+Behcesﬁ+:iasinﬂ r+S

~ - —)(39)
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Bh -, Bi

X, =R

v (- 3)] oeb cos 8 + ia gin 6 o Beb coa B 4 ia 8in @
(40)
Since, by (15) af =1, the real parts are given by
T_ 2 2
Y = - b" coa & (41)
& az :3t~1nz 8+ bd cnsd a8
TT 2 2
szg_z 5 >— a sin” 8 , (42)
a sin 6+b cos @
-T_
X, = ab 8in & cos 8 . (43)
Y a?. r:rin‘2 B+ bz cusz 0
where
2 2 2
T =Sl sinaﬂ_l + bz coazﬂ_} -Ezbz cos O + alaeb + b + a) sin EI]

T

e 2, : Z P 2 2,2 A Z , 2
[crgehbdcuazﬂ +a sin 8) A ¢ b cos 0 +a sin 8)

(44)

It is of interest to refer these stresses at the edge of the hole to a pair of
axes at right angles to each other having the directions of the normal v
and the tangent T, respectively (fig. 2). In this coordinate system, the
shearing stress and the tension (or compression) in the v-direction must
vanish, as this is required by the boundary conditions. It is readily
shown that T, of equation (44) is the tension (or compression) in the tan-

gential direction. The component of direct stress in the tangential direc-
tion is given by

X, cgsz {x, v) + Y!"r cusz (v, 7) + ZXY cos (x, T) cos (y, T)
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From (19) and (25), this becomes

B

2 . g 2
Xx a E:nz 8+ "1’}‘ bh coe @ - ZXV ab cos 8 sin @

a?. E.i.n2 g+ l‘:n2 cc:sz 2]

Substituting from (41), (42), and (43), the tangential stress is found to be
identical with Tt of equation (44). Ifez 1, itfollows that at the end of

the axis perpendlcular to the direction of the tension, that is for 8 = 90°
(fig. 1), T, attains its maximum value, while at the end of the axis

parallel to the tension, that is 8 = 0°, T . attains its minimum value.
Then -

T, (max.) =3 (b +Bebta) (452)
S
Tr (min,) =~ 77 - (46)

€

For an isotropic material, it follows from (6), (8), (11), and (15) that

a=B=g=1. Introducing these values, (45a) and (46) become S(Z—ab+ 1)

and -S, respectively, as in the isotropic case.2

Equation (45a) gives the tension at C (fig. 1) the highest stress occurring
in the plate. Numerical values of this stress will be computed in the two
cases D =50and g —510 for a plain-sawn plate of Sitka spruce whose
elastic modull are given in table 1. The grain direction is taken parallel
to the line 6 =0°.

When b 50, the tension at C (fig. 1) is 243.2 times the mean tension.
a
When g :% , the tension at C (fig. 1) is 1.097 times the mean tension.
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The ellipse Wheng = 50 would appear as a straight crack perpendicular

to the grain which might be approximated by a break in the fibers, such
as a compression failure. A very small tension applied to the plate
across the crack would set up a tension at the ends of very high intensity.
If this high tension at the ends caused the crack to tear, the increase in
length would exaggerate the stress still further, and the crack would
continue to spread.

Wheng :50 the ellipse would appear as a straight crack running in the
direction of the grain or of the tension. Such a crack does not produce
great local stress, a conclusion which is almost self-evident.

If the hole is C|rcular(b 1), equations (41), (42), (43), and (44) reduce
to

2 2
. 1 - ; - :
YY = TT cos @ ; }{x = T:I_ sin 8 , XY = Tfr gin B cas 8 ,
where
T = S [ B+(ﬂc+ﬁc+l]sm i}:|
T 22 2 . &
(a”e D + sin B}{ﬁ U + sin  6)

The stress at the end of the diameter perpendicular to the direction of
the tension for a circular hole is given by

=5 (ae +Be +1) (45b)

T {max.)

For an isotropic plate (a = 3 =€ =1) this reduces to 3S, as is well
known,2 but for a wood plate, equation (45b) may give a stress as high
as 5.84S (fig. 8).
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Experimental Verification of Maximum Stress

This maximum stress was experimentally verified by compressing a
quarter-sawn yellow-poplar board containing a circular hole. The dimen-
sions of the board and hole and the position of the 1/8-inch metalectric
strain gages at P on the circumference of the hole and at Q at some dis-
tance from the hole are shown in figure 3. The gage measuring the max-
Imum strain at P was placed inside the hole as shown in figure 3, since
the maximum strain occurs just on the edge of the hole and dies off rapid-
ly in the radial direction. The gage at Q is placed as far from the hole as
is feasible for the specimen used. The gage length was assumed short
enough to give a close approximation to the actual strain at the end of the
diameter. Table 2 gives the experimental and the theoretical values of
the strains at pints P and Q of figure 3. The theoretical strains were
computed in terms of S from the stresses given by formulas (35) and (45b)
using the elastic moduli of the yellow-poplar plate. These moduli were
obtained from coupons cut from the specimen and are given in table 1.

The experimental value of the ratio of the strain at P to the strain at Q
(fig. 3) is about 16 percent less than the theoretical one. This difference
is not considered serious as the mathematical analysis was based on the
assumption that the dimensions of the plate were large as compared to
the dimensions of the hole. Also the impossibility of measuring strain
at a point acted to decrease the apparent ratio. It is important to note
that the experimental ratio is considerably higher than the corresponding
ratio existing for a circular hole in an isotropic plate.

Shear Stress at the Edge of the Hole

The expression (43) for the shear component at the edge of the hole is
highly important when considering holes in wood plates. When the uni-
form tension is parrallel to the grain direction, this shear acts in the
same direction, and its distribution may indicate where failure caused
by shear will take place if the uniform tension is sufficiently high. This
statement has experimental verification Wheng = 1, as this type of fail-
ure occurred in wood box beams with small circular holes in their ten-
sion flanges tested at the U. S. Forest Products Laboratory (see fig. 4),
The failure occurred in the vicinity of the point of maximum shear, which
occurs theoretically, as shown in figure 5, at about 8 = 78°. The shear

stress at the edge of the hole was evaluated numerically when gz 1 for
a plainsawn plate of Sitka spruce whose elastic moduli are given in
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table 1. The results are given in table 3 for values of 6 between 0° and
90° when the line @ = 0° is taken to be parallel to the grain of the wood.
The shear at other points on the circle may be easily filled in from the
given values. Figure 5 illustrates the variation of ﬁover the edge of

the hole for spruce and an isotropic material.

Stress Components at Points
Along the x- and y-Axes

Simple expressions will now be obtained for the stress components at
points along the x- and y-axes.

Writing equation (31) as

Sh

{a + aeb){z, - w,) {a + Beb}z, - w,)
¥ = R {’T 28

L i ey =

wl {zl 4 w__:liz.l - wl} w, {z_ 1 wz}[zz -w_}

g2 F4

and performing similar operations on equation (32) and (33), it is found
that

Sb 1 "1 _1 52
I:w] o k2 G{b(

[ . 2 z 2 = \
Seb - 1 ] B 2
Xy = R? (@ - B) |a - aeb {;1- -1) + a - Peb {W—Z -1) } » (47)

Y =R

2 -1}
y el - B) |a - aeb

-¢ri ]

Sb
= —— R, — - . . Y
X*_J = {a-B) |3 - xb ~wl ) 3 - ,34 { 1)

These equations can be reduced considerably when x = 0 or y = 0. The
resulting equations then readily show how the stress concentration dies
off with increasing distance from the hole.
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Forx=0,y 2 a it follows that

v - 5b i 1 / aey l
y eo-B)|a - rxzbk‘f__ K e B-eb — .
2By vf } -\_\/,z ¥ *:

=

Seb ﬁz Bey z 5
Xx * {a - f) n-mb T A > 2 , =111+5 (48)
'\/a v+~r By +"'f2

Xy = 0

and fory =0, xéa

B} e :
L b \yx -,
‘_
X = S l S 'qz / x \ =)
2" Th | T - ek : -1 +a-ﬁchi : -1 +53 (49)
“fx? - 2 \ /2
1 R, v |
IY=[I

When% =1 the distances from the center of the hole may be expressed as multiples

of the radius by writing xt = g y! _y in equations (48) and (49). Hence, the

stress components at points along the positive y-axis for a circular hole are given by
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!.'- A v }= ] .!
X =3 : ' — . 1] 4 -1}| +5
e - f) |1 "‘\. 22 2 1-5 e
\\fla"e (v -1)+1 B (y'" - 1}41

}'LYT-U

and at points along the positive x-axis

lI". |
- 5 1 { x' | 1 '(_______ x ]
= P ———— — |
Y de-81]1- |.~ f / 1 - fBe I =
L \‘x'd w ]+ ﬂzcg Il'x -.f‘.»{ g LS ‘éi _,fJJ
{ \ i
A i e i =
S a” | ! | 5] | * .
A, =7 . 3 j—— -1 ] % = | T = ] +5
x o - 3]‘ fr- il 22 | | '3 \ [ .2 e
\ Vi -1+ o ¢ \Vx'% -1+ B ,F_]

(51)

]%r:

Numerical values of the stress components Xy and Yy at points along the x- and y-

axis when % =1 are given in tables 4 and 5 for a plain-sawnplate of Sitka spruce.

The variation of these components is illustrated in figures 6, 7, 8, and 9, and the
variation of the corresponding stress components for an isotropic material is also
shown for comparison. It is evident from these figures that considerable differ -
ences may exist between the stress distribution developed in the orthotropic plate
as compared to the isotropic plate. In particular, figure 8 shows that the maximum
stress developed in the spruce plate is nearly twice the maximum stress developed
in the isotropic plate.
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Displacements in the Neighborhood
of a Circular Hole

The expressions for the displacements in the neighborhood of a circular
hole (5 =1) will now be obtained.

Substituting (34) and (35) in the first two equations of (1), it is found that

-

. L R Sagr_ -cs_-z' (1 4+ ac ) + B (1 + Be)
e 6 '.f' T T T & T . 3 T}
®¥X T g (e ,;EX wi l:.:.l+w1,l WZ{?Z ‘-'fa!
2
5
au}rx “ {1 + ove ) {1+ Be) 5
= - 1 UL T J ¥
e - B) EY wi {z.l + wI} wa{.az + wz) I',-x
b
(52)
. _9v R Sa.z r (1 + ae) (1 + Be)
=== = — —1 1y "z f 1
¥y ¥ ela - 3) E‘y‘ |_'w.l {zl t 1.-.-5] w?:z : wz}
Sa’ee 2 2 5
5 M}}r.}' - (1 + ae) {1+ ax} U!{f
- - 4 == ' -
(e - 8) Ex -.'.-i (z.l < w{:l wz {:za + wz} F'K

Integration of equations (52), gives
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X J i | ¥ 2
(53)
- . 3
f
sl 52 1 1 g ¥y '{l‘ﬂcell 1
L (e - B) T ice ¢ E T ife
\ b 1 .|'
/ g
| «f x}'\l' + be ) brxu
M — ’ =l
E E z_ +w! E
v X ;l' 2 -4

These are the actual displacements except for the addition of a linear
function of y and a linear function of x to the expressions for u and v, re-

spectively.  This is easily shown by deriving the expression for

e, ===+ ¥ and comparing it with the expressmn—l—x . These addi-
XY a8y bx by 7

tive functions may be made to vanish by fixing the W@Ti_and eliminating
rotation about the origin.

Next the real and imaginary parts of (z, +wij_l and of a similar expres-
sion for z, and wo will be found. To do this, it will be useful to write

1 ) Z, - W

z +w' T 2 £ i

1 1 a {1l -ae)
Let

wi == #Rl {cos "-TI]_ + i gin "I’IJ (54)
where

c . 2
Rl = w/[}cz - ag' - azez l':‘fz = az} + 4&2523332 (55)
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1 2oe XY

¥, =tan
1 (56)
R; + x? - a? - ot {yz - az)
Then
1 x--.,le cos "l’l-l-i(aty--\}lll sin Tz}
T = 57
z + Wi 20 - o2 (57)
Similarly
1 x - -1,R.Z cos ¥, + i(fey - -”Rz sin ¥,)
+wl - 58
ZZ wz az (1 . 'Bziz] ( )
where
2
R, = _\/E:z a? - g2 (42 - az]] v ag2 2yt (59)
= =] Eﬁ x
ﬁ’z = tan 3 — (60)

Ry +x° - al - ﬂzcz {yz - az}

To keep the displacements single-valued, Yland Y, must always be

taken so that the following relations hold: — -

2y + wi g a 'Jl - aztz
z, + W, 2 a =1 -Bzaz
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Taking the real parts, equations (53) become

tE. (61)

s 1 > (aey - 4fR; sin ¥)
V:{fr-—_ﬁjEY '[;_}‘ﬂ :ryx] oe (1 - ae)
(Bev - qﬁ? sin T.) S
1 2 v 2 e yX
* l:e +ef J:r‘ﬁ.r:-c) Be (1 - £e) j| E_ Y - (62)

These equations for the displacements would be used to check data given
by strain gages of finite length, since the strains computed from the gage
readings are average strains.

Isotropic Stress Function as the Limiting Case
of the Orthotropic Stress Function

It is of interest to obtain from (16) the stress function for the correspond-

ing problem wheng =1 for an isotropic material.

Substituting from (15) and (30), (16) becomes
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Lle 2 2
=35 = 52, wl} +‘|r11-:}g [al+wl})
2
1 1 2 2 51
= (= w,) + v, log (= +w,:> +
a-e ¢/2 b (z 2 2 2 2 FA Eez
(63)

For an isotropic material @ becomes equal to 0, and a, B, and € each be

comes equal to unity as shown by equations (), (8), (11), and (15). For

these values, parts of equation (63) take the indeterminate form 9

Evaluating be/ differentiating both numerator and denominator with
re

re-
spect to @ (remembering that zq, X5, Yyq, and y, all contain @), It follows
that T - — — —
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q.3, 2+l o1 %z 2/¢-
2°2 6- z/%-
q? a-®
- 2 N.ﬁ&l T 1 1
L _at + m 4+ 'z) So1 A Ly - Izy 2
2/ wma-mi - { ) L= +mha u: X
(q® 42 = ®)2 L1
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Let@=0 ande =1. Then (64) takes the form

\ . 2
5b 1 iyw - iyz - b b 2
F = Hdis |- (z - w){ )| - —2 (2 - w)
LE a-b ( W ) z{a _ hl?.-
2 2
+ b ¥
a wb (iy‘ I Z—-—-—r_l_-;;) -blog(z + w) + " ':: (65)

J

where

On setting b = a, parts of equation (65) assume the indeterminate form Q.
On evaluating (65), it is found that for the circular hole,

A 3 - 5 " Tz E alog 2z + ‘:1 Y (66)

=

4 2
) S a 4a‘iy 2 2 2 .
24 3 [— 5 "~z ¢ dy -2a logz -2a In 2.1|J\ (67)

L

Since the constant 2a’ log 2 will not appear in the stresses obtained
from (67), it may be omitted. The real. part of (67) is in polar form:

. =
F o= S = _.2 cds 28 - 4:12 1=sir1a 0+ Zrz sin?' 0 - 25.2 log T

4 L I _‘|

, (68)
2 Z
5 2 r =a
:ij'. r‘e'-Za lugr-i 5 }—coszﬁ}
¥
r
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which is the well-known form for the stress function in the correspond-
ing problem for the isotropic plate.3

The Effect of Elliptic or Circular Holes on.

the Stress Distribution in a Plywood Plate

A plywood panel having the grain direction of each ply perpendicular to
that of the adjacent plies and having a symmetrical construction may be
considered as an orthotropic plate. The strains in such plywood may be
obtained from the average stresses (to be defined later), or the average
stresses from the strains,2 by exactly the same relations as exist be-
tween the strains and stresses for an orthotropic plate if the apparent
elastic moduli of the plywood are used as the elastic moduli of the ortho-
tropic plate. The panel is assumed to remain flat under the application
of the loading considered.

The x-axis will be taken parallel to the grain direction of the face plies.
The subscript 1 will be used to denote quantities associated with plies
having grain direction parallel to the x-axis, and the subscript 2 will be
used to denote quantities associated with plies having grain direction
parallel to the y-axis.

Let h1 denote the total thickness of all plies having grain direction paral-
lel. to the x-axis.

Let ho denote the total thickness of all plies having grain direction paral-
lel fo the y-axis,

For plies having grain direction parallel to the x-axis, the following re-
lations hold

L ;
(s _(Exil (X)) - ogy)y (YY),
~ B (69)
1
(oy)y =Tm7— | (), - (o) ().
¥
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and for plies having grain direction parallel to the y-axis corrosponding
equations hold if the subscripts are changed.

) .

Since the panel remains flat, it will be assumed that (e. ) = (e
xXx’1q XX’ o

= (e :(eXy)2 , and it is no longer necessary to write

Cyy)y = Cyy), o Byy)y

the strain components with subscripts.

Solving equations (69) for the stress components gives

{xx}l . s lnxx + {U}'X}I EY}J

(70)

Similar relations hold in the remaining plies if the subscripts are
changed throughout.

Assuming the plies are all rotary cut and from the choice of axes, the
elastic constants have the following values in the respective plies:
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(&) =&
{EY)1 =E, {E?] 5
{'xy}l LT (7 xy),
(yad = T py, (o),

After making these changes,

™

I

{xxll _T
E

1§
E

T

(X, =5
E

]

where
k=1~ ey
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equations (70) become

(71)



It is now important to define the mean stress components Xx and 1\1 by
the following equations:

h, | X +h : - i
B () R (X, hy Ey, + by Eq o1y, EL
Ay = h r h\ Cxx A vy
(72)
hy (Y +h, (Y
._..‘ l[: Y}l Z{ }'}z hl ET+hz EL T .E.L
Y)" = = : ]:-1—}"__ EYY + 1 E'.‘.M

where h :hl + h2 , the overall thickness of the plywood, and the relation

LT _ “TL

E]’ E-r

-

ham been used.

Equations (72) may be rewritten as follows:

— E"! [
xx_T er— e f.‘”l
(73)
T b '
e —— -]
¥ A YY Xy xXx
where
h) E; +h, Eq _ h) Eq +hy, Ep,
Eq = h 5 h
(74)
_ Ly i - L1 P
A S
b e a
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Solving equations (73) for the strain components gives

A l | = = =
] = i = @
- - E
= (1-T @ ) a * oy
xy ¥X b —
= A T
c}’}' — = E Yy yVX ‘Xx
(- & ) b
xy }rx = =
or
A
®wx "E_ | "x T %xy Ty
x _—y
' (75)
1 bt
ey " E | Yy " %yx *x
- 4
where £
; 1 o= r—J
= _ Ea.{‘ = ﬁ.y:{
X h
(76)
E, :Eh[l_ xy 7 yx
¥ A
F:{ ?}"x
It is easily established that e M £
E, E
Y
7o _ — _
Since Oy, » Oy, » etc. are usually small, E, and Ey are approx

imately equal to E, and Ej,, respectively. o
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In plies with grain direction parallel to the x-axis, the conditions of
equilibrium require

;10 (X))
.4
1 4 71 =10
Bx ay

B{XYJL H{YY}I
Bx * By

and similarly in the remaining plies

a{xx}z a{x}rjz

+ =0
9= Ey
(X ) aly )
LY -:rr 2 fn Y z
—— i =
bx gy
Then
alx (X
(%) (%)
By Tax th Ty =0
a(x (Y
hy + hy =0
ox By
and
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B X, ) ﬂ{}{}rj

i 2

hy = +hy - By =0 (79)
| B‘K:«']z | a{_‘fylz

hy . t hy By =0 . (80)

Adding equations (77) and (79) and dividing by h, it is found that
_E};:_ ¥ By =0 (81)

where, since in all plies the relation

Xy Zhpq Oy

holds, the mean stress component X,, is identical with the stress com-

ponent X_X —

Similarly equation (78) and (80) vyield

aX. oY,
_“I"Ex + H_}F = { (82)

Equations (81) and (82) will be satisfied by a stress function E, such that

2 Fs 2

— _°F = _8°F =~ _ 8°F

=2+ Y 73 KT ey (83)
By ax

Substituting (83) in (75) and then making use of the compatibility equation

Bzc Blc Bzc

XX Yy _ Xy
Byz Bx
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the following differential equation satisfied by the stress function E is
found:

4 2o
1= 8a'F . | Xy BJ;F ¥ 1 F_ldF‘ -0
= 4 Tty = = TR
E}r Bx F L1 Ex Exzﬂyz LY ﬁ}rﬂ

As in the treatment of equation (3), it will be convenient to rewrite this
equation as

4 4 4
B3 F 5F+3F_ﬂ (84)
ax axZan®  ant
where
'I-‘_ -— -
1\'," E;KF,}__ 1 Zo’x}_}
===z G _ -5 (85)
b Bk
by making the substitution
N=evy (86)
where
B (87)

The differential equations (84) and (5) are of the same form mathemati-
cally, and any solution of (5) is a solution of (84) if the appropriate con-
stants are used. It is then possible by using equations (31), (32), and
(33) to obtain the stress distribution in the neighborhood of an elliptic
hole situated in the middle of a plywood plate subjected to a uniform ten-
sion, provided that the axes of the ellipse are parallel and perpendicular
to the grain of the face plies and that the tension is applied parallel or
perpendicular to the axes of the ellipse.
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Hence, if the kK and g calculated from the apparent clastic: moduli of ply-
wood are used, all of the preceding discussion for orthotropic plates
containing elliptic holes holds for plywood panels.

Numerical values for the stresses at various points along the x- and y-
b _

axes in the case i 1 for rotary-cut Sitka spruce plywood having half

the material with grain direction parallel to the x-axis are given in tables
6 and 7. Figures 10, 11, 12, and 13 illustrate how these stresses vary in

the neighborhood of the hole.

The foregoing analysis for plywood is based on the assumption that all
plies are rotary cut and of the same species of wood. When these
assumptions are not fulfilled, it is easy to make suitable modifications
in the analysis (see appendix).
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Appendix

A plain-sawn or a quarter-sawnwood plate ox a plywood plate may be
considered to have two perpendicular axes of elastic symmetry in the
plane of the plate. The discussion given in this appendix applies to a
rectangular plate of this type with its edges parallel to the axes of sym-
metry and with a small circular hole at the center. The x- and y-axes
are taken as the axes of symmetry. A uniform tension S directed paral-
lel to the x-axis is supposed to act on the two opposite edges of the plate,
and the tensile stress on the edge of the hole at the end of the diameter
perpendicular to the uniform tension is given by

S{oe +PBe +1)

For wood, the constants that appear in this expression are defined a3
follows:

a =e?/?
_;,Jflz
Bo=e
e = natural logarithmic base

Ex = Young's modulus in the x-direction

Ey =Young's modulus in the y-direction

th = cosh  «
\f}e ¥ | 2o
24 - .h } = g ¥
2 B T
HY X
“xy = modulus of rigidity In the xy-plane
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o y = the Poisson's ratio given by the ratio of the contraction
parallel to the y-axis to the extension parallel to the x-
axis associated with a tension parallel to the x-axis.

For plywood, equations similar to those already given for wood define
g, a, B, @, andk if the remaining constants are as subsequently defined.

The plies will be considered to be numbered consecutively from the upper
to the lower face. The elastic moduli in the ith ply will be denoted by
(Ex)i’ (Ey)i’ (|.1Xy)i : and(crxy)i . The thickness ofthe ith ply is h_I

That of the plate is h.

Then approximately4

=(E,) (B
.E)L = Ea = h
L(EY}i hy
E}f - Eb = h
Z (p } . hi
1
Py = h

Xy h E

The shear parallel or perpendicular to direction of the uniform tension
and on the edge of the circular hole is given in the mathematical part of
the report by equation (43) if b is set equal to a. By substituting the con-
stants defined previously, this shear stress may be plotted as a function
of the polar coordinate 0 (fig. 5), and its maximum value read from the
curve.
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Table 1. --Elastic moduli of Sitka spruce and yellow popularl

Species : E; : BEp : Eg tppr HLR ¢ OLT T

y 1,000 l.h_. per s1q. in.
Sitka spruce :1,679: 76 : (2) : 112 : (2) : 0.464 : (2)

Yellow-poplar : 1,775: (2) =: 130 : (2) :113.6: (2} :0.337

lThe elastic moduli of Sitka spruce are average values obtained from a
large  number of tests made at the U.S. Forest Products Labora-
tory. The elastic moduli of yellow-poplar are values obtained from
the one specimen used in the experimental verification of this report.

2Not used.

Table 2. --Observed and theoretical values of the strains
at the points P and Q of figure 3

Type : StrainatP : StrainatQ : Ratio of strain at
: e P to strain at Q

Inch perinch

Observed 12.3x10°Y 2.7 1078 ; 4,47
Theoretical :

(computedfrom -

equations(35) : 6 : 6 :

and(45b)) :3.22x10 S :0.603x10 S : 5.34

Report No. 1510



- "
® " . - - " . = "
+ " 0
- 1 i

0 -Z89F "0~ 8889 0~ €212 D~: B¥69 0~ 9¥85 "0-+ LO¥¥ "0--€E0E "0- ' LLBT "0~ ELHO0 0"

«06 * oS8 ¢ L0B : .BL - LS5L - 0L ¢ .59 * 09 ¢ .8% - .0G B
80E0 0= 1STO°0 - OFF0°0 - 165070 -S€90°0 - 965070 96%0°0 -$SE0'0 -€810°0 ° o - m
oSF ¢ 0F ¢ e8E 7 G0 ¢ oSZ ¢ o0€ ¢ .81 7 L01 05 o0 0

aandds 18 jo0 231[d umes-ute[d ® 20j a0y

n

IB[MIITO ® Jo s8ps ayy uo Hw jusuodiuod IBSUS IY3 JO SONJEA-=- "¢ BIqRL

Report No. 1510



Table 4. --Valuesof the stress components at points
along the x-axis exterior to a circle of
radius a and with center at the origin
for a plain-sawn plate of Sitka spruce-

x x Y
= ¥
_______________________ S b A A i
1.0a O -0.2128
l.1a -0. 0157 -.. 1762
1. 2a - 0216 - , 1458
1. 3a - .0198 - .1208
1.4a - .0118 - .0993
1. 5a + .0010 - .0817
1.6a 0175 - . 0669
1. 7a D368 - 0554
1.8a 0582 - . 0440
1.9a DE11 - L0352
2.0a 1050 - 0278
3.0a 3448 + 0052
4. 0a 5280 0106
5.0a 6530 0102
b.0a 7379 0087
T.0Ca 7967 0073
8.0a B384 0060
9. 0a B6BO 0050
10. 0a 8918 0042
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Table 5.-- Values of the stress components at points
along the y-axis exterior to a circle of

radius a and with center at the origin
for a plain-sawn plate of Sitka spruce

¥ X 31
MY . 5

1.0a ; 5.8439 : 0
1.1a 5 2.7262 : 0. 1566
1.2a . 2.0069 A . 1822
1. 3a 3 1.6871 . . 1345
1. 4a z 1.5089 ; L1171
1. 5a g 1.3968 - 1021
1.6a 1.3205 E .0DB95
1. 7a 1.2657 . . 0790
1. 8a 1.2248 : L0701
1.9a 1.1932 : L0627
2, 0a 1. 1682 i .0564
3.0a 1.0629 ¥ . 0245
4, 0a 1.0335% ] L0137
5.0a 1.0209 : L0087
6.0a 1.0143 g . 0060
7.0a 1.0104 : L0044
8. 0a 1.0079 : L0034
9.0a 1.0063 ! L0027
10.0a

1.0050 4 0022
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Table 6. --Values of the stress components at points

along the x-axis exterior to a circle of
radius a and with center at the origin for

a rotary-cut plywood plate of Sitka spruce

e — " e o 5 R Y S = F
1.00a : 0 : -1.0000
1.05a ! -0.0223 B R T R
1.10a . - .0195 2 - L4324
1.15a - - .0076 S T T T SR
1.20a + 0085 - . 2467
1.25a + L0268 - .1934
1.50a + . 1275 - 0630
2.00a + .3130 + .0062
3.00a + .5682 + .0229
4,00a + .7143 + .0191
5.00a + .8005 + .0146
Table 7. -- values of the stress components at points
along the y-axis exterior to a circle of
radius a and with center at the origin for
a rotary-cut plywood plate of Sitka spruce
¥ Xx Y\!r
s s
1.0a 4,1335 - 0
1.2a 2.0108 r 0.2377
1.3a 1.7417 : . 2547
1.5a 1.4557 ; .2583
2.0a 1.2018 : L2212
3.0a 1.0733 g . 1451
4, 0a 1.0375 : L0973
5.0a 1

L0227 : . 0683
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Figure 1--Elliptic hole in orthotropic plate.
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Figure 2.—-Orientatiorof positive normal and
tangent on the boundary of the elliptic hole.
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Figure 3.--Circular hole in a quarter-sawn yellow-
poplar board subjected to a uniform compression.
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Figure 4.--Thetension flange of a loaded wood box beam show-
in%_ shear failure caused by vertical holes. The beam is
subjected to a lower load in A than in B. The small cracks
occurred in the stress—coat, which was applied to the beam
before testing. The small round objects paralleling the
edge of the flange are Whittemore strain gage points.
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Figure 6.--Variation of the normal stress component X at points along the x-axis exterior to a circular
hole of radius a and with center at the origin for a plain-sawn plate of Sitka spruce and for an isotropic

plate.
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plate.
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Figure 8.--Variationof the normal stress component Xy at points along t
0 a circular hole of radius a and with center at the origin for a plain-sawn plate of

Sitka spruce and for an isotropic plate.
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Figure 10.--Variation of the normal stress component
Xx at points along, the x-axis exterior to a cir-
cular hole of radius a with center at the
origin for a rotary-cut plywood plate of Sitka
spruce
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Figure 11.--Variation of the normal stress component

Yy at points along the x-axis exterior to a cir-
cular hole of radius a and with center at the
originfor a rotary-cut plywood plate of Sitka
spruce.
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Figure 12.--Variation of the normal stress component Xx at points along the y-axis exterior to a
circular hole of radius a and with center at the origin for a rotary-cut plywood plate of Sitka
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Figure 13.--Variation of the normal stress component Yy at points along the y-axis exterior to a
circular hole of radius a and with center at the origin for a rotary-cut plywood plate of Sitka
spruce.

ZM 54256 F



