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ABSTRACT
In Part i, an extension of the theory
of hydrogen-bond-dominated solids
was proposed.  In Part 2, the predic-
tions of hte extended theory are
tested statistically using recently
reported measurements of elastic
moduli for 24 papers over a wide
ranage of moisture contensts.  Moduli
were reported both quasi-statically
and ultrasonically.  Statistical analysis
shows that the effect of moisture in
lowering the elastic modulus of paper
is greater when the modulus is mea-
sured quasi-statically.  The rate of
decrease in the logarithm of modulus
with moisture content when mea-
sured sonically is about 75% of the
rate of decrease measured quasi-stat-
ically.  The ratio of the two measured

moduli for an isotropically equivalent
paper is statistically indistinguishable
from a ration obtained from measure-
ments of the effectiveness of water in
reducing these elastic moduli.  This
supports one of the new predictions
of the extended H-bond theory pro-
posed in Part 1.

Application:

A model that predicts the effect of
moisture content on elatic modulus.

F THE ElASTIC MODULUS OF PAPER,

E, is obtained from quasi-static
measurements (indicated here
by a subscript s) in a load-elon-

gation test, then a relatively simple
rule controls its value as the water
content (mass of water per unit mass
of paper), w, is changed. Above a crit-
ical water content, w c , the negative
value of  usually is a con-
stant, which, in the terminology of
the hydrogen-bond theory, is called
the cooperative index, CIs (1). Simi-
larly, if the modulus is measured by
the speed of stress propagation on
the same piece of paper using an
ultrasonic method (indicated by a
subscript u), one obtains a similar
constant for  = CIu over a
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very wide range of values of w, up to
the fiber-saturation value. It is found
(2-5-) that CIu is on the order of 0.5
CIs to 0.75 CIs. (Note that all variables
are identified in the Nomenclature at
the end of this article.)

In Part 1 of this paper (6), an
explanation to resolve this apparent
discrepancy was developed, based
on the theory of hydrogen-bonded
solids (1, 7-9). There, it was pro-
posed that the modulus ratio at zero
moisture content, E 0 , is predictable
from values of the slope of In E vs. w
in Regime II and vice versa.

To arrive at this equation, it was
postulated that the two values of E 0
obtained by ultrasonic and by quasi-
static methods reflect two different
forms of energy storage and propa-
gation. Lacking the knowledge of the
exact distribution of lengths, R, of the
H-bonds and the density of effective
H-bonds, n e , in paper, an average
value of <k R > = 18.4 N/m, as apply-
ing to both the ordered and the
amorphous regions in cellulose, is
adopted. It then can be assumed that
all ordered regions have an equiva-
lent H-bond density ( n equ )u, with a
bond stiffness normalized to the
average bond stiffness <kR>. Accord-
ingly, all equivalent effective H-bonds
(ordered and amorphous) average an
H-bond density of ( n equ )s, and one
obtains

There is no theoretical prediction
for how much the ratios exceed

unity. The ratios depend upon the
morphology of the fibers, the manu-
facturing process, and the character-
istic duration of the modulus mea-
surement in each of the two meth-
ods. Thus, the difference between
( E 0 )u and ( E 0 )s arises from different
types and densities of effective H-
bonds activated in each of the two
measurement methods.

To have an influence on E s , a
water molecule can interact with
any H-bond to which it is accessible.
But to affect E u , it must effectively
interact with an H-bond in a more
ordered region, as, for example, at
the surface of a crystallite. To
achieve a critical water content in
the ordered regions, more water is
needed than predicted by (w c )s. For
the present discussion, it is postu-
lated that the critical water content
is proportional to the equivalent H-
bond density. The ratio of the equiv-
alent H-bond densities is therefore
equal to the ratio of critical water
contents

From Eq. 3, using

a relation from the H-bond theory,
Eq. 1 is obtained.

Verification of this explanation
was, not possible until recently
because of the lack of a sufficiently
large data set comprising modulus
measurements by quasi-static and
ultrasonic methods for a wide vari-
ety of papers over a wide range of



moisture contents. Nordvall (10) has
recently provided this information
for a set of 24 different papers, with
modulus measurements taken in
both machine direction (MD) and
cross-machine direction (CD) over a
relative-humidity range of 20% to
92%.

The objectives of the present
work are

1. To use Nordvall’s data as a basis for
statistical evaluation of key predic-
tions of the theory of hydrogen-
bond-dominated solids pertaining
to the discrepancy between ultra-
sonic and quasi-static moduli of
paper

2. To explain the effect of water on
paper modulus

3. To account for paper anisotropy.

NORDVALL’S DATA
Nordvall (10) provides ultrasonic
and static modulus measurements
obtained from a set of 24 different
papers in the MD and CD. To utilize
this extensive set of data for our pur-
pose, it is first necessary to test the
agreement of the H-bond theory
with the reported quasi-static data. If
this agreement is satisfactory, ultra-
sonic measurements can be analyzed
in much the same way.

Considering Nordvall’s data,
there are two limitations related to

1. Density dependence
2. Modulus values for the dry state.

Values for moduli are reported
only as specific moduli, E , i.e., the
modulus divided by the apparent

density of the paper sample at the
time of test. This means that 
and  differ from 
and  by terms Of 
and  respectively. The use
of specific moduli does not alter the
predictions of the H-bond theory
under the assumption that the appar-
ent paper densities do not change
much with increasing moisture con-
tent. In other words, for the range of
w in Nordvall’s paper samples, the
terms  and  are
small. A 3.9% decrease in apparent
density of linerboard, reported by
Baum et al. (3), in the range from
20% RH to 80% RH (0.045 < w <
0.145), may serve as an estimate of
the magnitude of such terms. This
means that at higher moisture con-
tents, the true modulus is higher
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than the one obtained from an
uncorrected specific modulus. In the
following, the specific moduli, E, will
be denoted just by E to avoid an
excessive number of superscripts.

No modulus measurements are
available for the 24 papers in the
ovendry state. Values for E 0 were
therefore estimated from the predic-
tions of the H-bond theory. This
allows therefore only a test of the
internal consistency of the proposed
extension to the H-bond theory.

The quasi-static modulus values
at high relative humidity present
some difficulties. Nordvall (10)
reported that it was not possible to
measure accurately static moduli at
92% RH, even though the coefficient
of variability for static modulus mea-
surements at 92% RH is not much
out of line with those at lower levels
of RH. However, the quasi-static mod-
ulus values at 92% RH were consis-
tently lower than expected. In con-
trast, Nordvall (10) reported no sim-
ilar difficulties with the ultrasonic
measurements at 92% RH. In order to
be confident that paper modulus is
determined strictly by the intermole-
cular force contributions to cohesive
energy density, the glassy state of the
wood polymers in paper is required.
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At temperatures above the glassy
states, entropic contributions to
cohesive energy density may
become significant.

A very pronounced thermal tran-
sition in wood polymers is associ-
ated with the α-relaxation. This
relaxation can be thought of as cor-
responding to the glass-transition in

these polymers. Plasticizers, such as
water for wood polymers, shift the
isofrequency modulus curves and
damping peaks to lower tempera-
tures (11-13), i.e., increasing mois-
ture content shifts the isothermal
modulus-frequency response to-
ward higher frequencies. The ther-
mal dispersion region is broadened



with increasing amount of plasti-
cizer added (11, 12). Salmén (14)
reports a reduction in the glass-tran-
sition temperature (T g ) for hemicel-
luloses from temperatures of
160-200°C in the dry state to below
0°C at moisture contents above 30%.
For the disordered regions of cellu-
lose, T g is lowered from about 230°C
to 90°C over the same moisture
range. A similar reduction in T g is
reported for lignin.

At the highest humidity of Nord-
vall’s static modulus measurement
(92% RH), paper—especially papers
with significant levels of hemicellu-
loses and lignin–may be plasticized
enough so that, during slow mechan-
ical straining, relaxation phenomena
characteristic of glass transitions
may begin to contribute significantly
to paper modulus (12, 13). And
although the moisture conditions
and the temperatures needed for the
onset of these transitions are not
well defined, their possible influence
would be greatest at higher humidi-
ties and the longer stress durations
in quasi-static measurements.

For these two reasons—Nord-
vall’s dissatisfaction with the accu-
racy of 92% RH static measurements,
and the suggestion that other modes

of stress relaxations may be partici-
pating-we feel it is best to limit the
static modulus data to those under
92% RH for the present analysis. All
but one measurement series (Paper
21 in the CD) have been used in the
present data analysis. The calculated
value for CI in Paper 21 (10) devi-
ates from the mean of all others by
more than four standard deviations,
so the corresponding data were
omitted.

To improve the accuracy of the
calculations, some of the considera-
tions discussed by Batten (15) and
presented in Part 1 of this paper (6)
should be accounted for. A small
adjustment of the moduli arises by
accounting for the two different
thermodynamic regimes [adiabatic,
nonadiabatic (isothermal)] under
which the two modulus measure-
ments were obtained. This requires
knowledge of the specific heat at
constant pressure, c p , for each paper
(15). This information was not avail-
able for Nordvall’s papers. An over-
estimate of the ultrasonic moduli
arises from use of the low-frequency
approximation (15,). The low-fre-
quency approximation posits that
below a critical frequency 
kHz), the longitudinal waves travel-

ing in the plane of the paper do not
induce out-of-plane(z-directional)
motion, i.e., plane stress analysis is
sufficient to describe the state of
stress in paper. A more accurate
sonic modulus can be obtained if
out-of-plane elastic constants are
known. However z-directional stiff-
ness coefficients are not routinely
measured and are not available for
the present analysis.

TAKING PAPER ANISOTROPY INTO
ACCOUNT

To compare elastic moduli of papers
with different degrees of anisotropy,
an “invariant” modulus is useful. Fur-
thermore, the equations for the H-
bond theory, as developed in Part 1
of this paper (6), are strictly only
valid for an isotropic material.

The shear modulus of ortho-
tropic materials can be calculated
from the isotropic elastic modulus
and the isotropic Poisson ratio, both
of which are approximated by a geo-
metric mean of the respective values
in the principal directions. Using this
method, excellent agreement be-
tween the measured and the derived
shear modulus has been found (3).
Similarly, Htun and Fellers (16) pro-
posed a geometric mean as an invari-
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ant of the specific modulus of paper
when it is dried under the same con-
ditions

Batten and Nissan (17, 18)
derived an invariant modulus invok-
ing the structural theory of paper by
Perkins and Mark (19) by introduc-
ing an orientation correction factor,
d, in Eq. 5, such that

where

and

with the anisotropy ratio

The correction factor, d, is derived
by making the simplifying assump-
tions that the in-plane fiber orienta-
tion in a sheet of paper is elliptical
and that the sheet is biaxially
restrained during drying. However,
there has been some controversy in
the literature on the meaning of
“invariant” properties of anise-tropic
sheets {20, 21).

To evaluate the influence of
paper anisotropy, four data sets were
prepared for the present study. Sets 1
and 2 use MD and CD measurements,
respectively. Sets 3 and 4 attempt to

take modulus anisotropy into
account. Set 3 reflects the geometric
mean of E MD and E CD (Eq. 5) (16), and
Set 4 was derived from Set 3, forcing
the geometric mean into invariance
by including the orientation factor d
(Eqs. 6-9) (17, 18). No new informa-
tion is gained if an invariant modulus
is derived for either Set 1 or 2,
because the results will be identical
to those from Set 4. The Appendix
shows how the data for Sets 1-4
were derived for one of the papers
(Paper 11) studied in Nordvall’s work
(10). Data for all other papers were
calculated analogously.

FITTING THE H-BOND THEORY
TO NORDVALL’S DATA

Nordvall (10) used two different
methods—triangulation and fit to
two-parameter hyperbolic sine
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model (22) —to evaluate the modu-
lus obtained from mechanical tests.
In the present work, the arithmetic
average of the measurements from
each method is used. Similar vari-
ances in each method justify this
approach. Modulus values at 20% RH
are always assumed to belong to
Regime I and are excluded from the
regression analysis for Regime II. A
typical fit to static modulus data of
one of the papers (Paper 11, 89.1-
g/m2 linerboard from pine sulfate
pulp (10)) is represented in Fig. 1a
for the MD and Fig. 2a for the CD.
The full calculation for Paper 11, rep
resentative for all papers, is given in
the Appendix.

The fit of data to the equations of
the H-bond theory can be gauged in

several ways. Good agreement with hypothesis to be tested (null hypoth-
the predictions of Eq. 10

and the validity of Eq. 11

can serve as a check. In the present
case, in E 0

1 has a large uncertainty
associated with it because an insuffi-
cient amount of data in Regime I pre-
cluded a regression analysis. The fol-
lowing analysis was therefore based
on the prediction of E 0 from obser-
vations in Regime II alone.

The predictions of the H-bond
theory for the difference in the slope
values of in E (u') vs. w was tested sta-
tistically using a hypothesis test. The

esis, H 0 ) was that the equality in Eq.
1 holds, i.e., that there is no differ-
ence between the ratios of (CIs +
l)/(CIu + 1) and [( E 0 )u/( E 0 )s]

3. The
acceptance of H 0 merely implies that
the data do not give sufficient evi-
dence to refute it. On the other
hand, rejection implies that the sam-
ple evidence refutes it. The probabil-
ity of rejecting H 0 when it is true is
called the level of significance, α.
The alternative hypothesis (H 1 ) was
assumed to be two-sided. That
means the critical region for H 1 lies
with equal probabilities in each tail
of the distribution of the test statis-
tic.

Because static and ultrasonic
measurements of modulus for each
of the 24 papers were performed on
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the same experimental unit (i.e., a particular paper type), these
measurements are considered paired. Statistical inferences from
these measurements were therefore considered to be derived
from observations that are not independent. Under the assump-
tion that observations from each population are normally dis-
tributed, and considering a maximal sample size of 24, the t -dis-
tribution was chosen as the test statistic. In the present study, the
i th pair consisted of the observation

Under the null hypothesis that the equality of Eq. 1 holds and
a two-sided alternative hypothesis, a critical region for t (t < t α/2

and t > t α/ 2) with n -1 degrees of freedom was calculated with

where <d> and s d are, respectively, the mean and the standard
deviation of the normally distributed differences of n pairs of
observations. If this calculated t value fell in the critical region,
the null hypothesis was rejected, and it was concluded that the
difference between the populations, i.e., the ratios, is significant
at the chosen level of significance.

RESULTS AND DISCUSSION
Numerical results for the four data sets (MD, CD, geometric
mean, modified geometric mean) are summarized in Tables I
and II. Data in Table I reflect the average and standard deviation
for some of the key variables derived for each set. Results of the
statistical tests are summarized in Table II, where a p -value indi-
cates the lowest level of significance at which the observed
value of the test statistic was significant. To determine how sen-
sitive the statistical test was in detecting differences between
the ratios (power of the test), the probability for detecting a 5%,
10%, 15%, 20%, and 25% difference is tabulated for the cases
where the difference was not significant at the 0.05 level (Table
II). The ratio of (CIs + 1)/(CIu + 1) is compared with the ratio of
[( E 0)u/( E 0)s]

3 in the form of a box-and-whisker plot for each set in
Fig. 3. These ratios were predicted to be equal, based on the
extension of the hydrogen-bond theory presented in Part 1 of
this paper (6). The plots in Fig. 3 enclose the interquartile range
of the data in a box that has the median displayed within. Thus,
the center of location, the variability, and the degree of asymme-
try in the data become apparent.

Fit of data
The values for in E 0

II were generally greater than those for In E 0

I

although, according to Eq. 11, their values should have been
equal. This discrepancy is most likely due to lack of experimen-
tal data in Regime I, where a slope of -1 had to be assumed for
the calculation of In E 0

I.
The CIs values for all data sets are greater than the experi-

mentally found average of previously reported values, 6.7 (1.). CIu

values are, with exception of Set 2, even smaller than a theoreti-
cally derived value of 6.4 (9).

Regression analysis of ultrasonically measured moduli in
Regime II yielded straight lines with slopes less than those for
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the static measurements (see Table I
and, as an example, Figs. lb and 2b)
and r2 values usually greater than
0.99. Within each of the four data
sets, the difference between static
and ultrasonic CI values was statisti-
cally highly significant. This suggests
that there is a difference between
the CI values obtained from static
and ultrasonic measurements for the
present data. The constant CIu/CIs

ratio of about 0.75 fix all four sets
(Table I) is in good agreement with
reported values (2, 3).

Given the insufficient number of
data points at low water contents,
the existence of a Regime I for ultra-
sonic measurements could not be
proven rigorously. Data from
Caulfield and Weatherwax (4), how-
ever, lend some support to the exis-
tence of a Regime I for sonic mea-
surements, although these re-
searchers extended Regime II to the
y-intercept.

The results confirm the differ-
ence and the magnitude of differ-
ence between slope values of in E vs.
w for the static and sonic measure-
ments found by other researchers,
and the present results agree with
the predictions of the H-bond theory
quite well, considering the limita-
tions of the data.

Paper anisotropy
Quantitative predictions of the H-
bond theory should be valid only for
isotropic papers. A qualitative dis-
cussion is nonetheless useful.

The cooperative index, CI, is a
direct measure of the influence of
water on elastic modulus. If this
value is small, the loss in stiffness
with increasing moisture content is
small. If the value is large, the loss in

stiffness is large. It is remarkable that
the effect of water on stiffness loss is
constant over the moisture range in
the present data, as expressed by the
constant cooperative index in Table
I. Considering CI values from Sets 1
and 2 (Table I), it is apparent that
moisture-induced stiffness loss in
MD is less than that in CD.

Paper anisotropy can explain this
dependence of CI on direction or, in
other words, the directional sensitiv-
ity of stiffness on moisture content.
Anisotropy arises from preferred
fiber alignment in the machine
direction and drying restraints dur-
ing the papermaking process. On the
fiber level, anisotropy is caused by
the relatively low fibril angle of cel-
lulose microfibrils in the S2 layer of
the fiber cell wall. Furthermore, pulp
fibers consist not only of cellulose
but also of hemicellulose and lignin
in varying amounts. In a simplified
structural model, ignoring the contri-
bution of lignin, a single pulp fiber
can be viewed as having parallel
structural elements made from low-
stiffness hemicelluloses and high-
stiffness cellulose. The cellulose ele-
ment can be further regarded as a
series model of amorphous and crys-
talline cellulose components. This
simplified model illustrates that the
influence of moisture on fiber elastic
modulus is dependent on the indi-
vidual responses of the coupled ele-
ments in the system. The parallel
coupling of hemicelluloses mini-
mizes their contribution to overall
stiffness loss as a function of increas-
ing moisture content in the fiber-
length axis. Thus, as a function of
moisture content, hemicelluloses—
and lignin–exert a stronger influ-

ence on fiber and, ultimately paper
elasticity in the cross-fiber direction
(14). Stiffness is lower in this cross-
fiber direction. The serial coupling of
amorphous and crystalline compo-
nents in the cellulose element makes
the fiber elastic modulus along the
fiber axis sensitive to moisture-
induced stiffness changes in the
amorphous regions.

The present data support this
argument, in that moisture affects
stiffness in the CD more than in the
MD. In terms of the H-bond theory
(derived for an isotropically hydro-
gen-bonded solid), this means that it
is necessary to derive an invariant,
isotropic modulus to account for
paper anisotropy. In the present
analysis, this was most successfully
accomplished in Set 4, using Eqs.
6-9. Accounting for paper ani-
sotropy markedly improved the
agreement between the ratios in Eq.
1 and is reflected by a large p-value
for Set 4 (Tables I and II and Fig. 3).

Verification of Eq. 1
The significance test for the differ-
ence between the ratios of (CIs +
l)/(CIU + 1) and [(E 0 )u/( E 0 )s]

3 reveals,
using predicted E 0 values derived
from Regime II only, that the differ-
ence between the ratios is statisti-
cally not significant for Sets 1, 3 and
4 (Tables I and II) at an α level of
0.05. A p-value of 0.64 for Set 4, by
far the highest, indicates that one
can be very confident in accepting
the null hypothesis that there is no
difference between the ratios. The
power of the test to detect differ-
ences in the ratios indicates that for
Set 1, one can be confident that
there is not a 25% difference. If there
had been a 25% difference, one

VOL. 80 NO. 1 TAPPI JOURNAL 221



be confirmed within the limitationsKEYWORDS
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hydrogen bonds, load elongation, loga-
rithms, measurement, moisture con-
tent, paper, paper tests, solids content,
theories, ultrasonic tests, water.

would have a high probability (0.94)
in detecting it. Similarly, for Set 3 and
4, the probability in detecting a 20%
difference would be 0.92. Best con-
cordance with the null hypothesis,
i.e., that Eq. 1 holds, are obtained for
Set 4. In this set, paper anisotropy is
accounted for by using an invariant
modulus as derived in Eqs. 6-9. This
is in line with the H-bond theory,
which is derived for isotropic hydro-
gen-bonded solids.

Figure 3 shows the modulus
ratios and the slope ratios in the
form of box-and-whisker plots for
Sets 1-4. The asymmetric position of
the median line in the boxes indi-
cates some degree of asymmetry in
the data. While the overall spread in
the data is lower for Sets 3 and 4, the
interquartile range is smallest for Set
1. It is believed that the reduction in
the spread of the data arises from tak-
ing paper anisotropy into account.

These results, cast in the termi-
nology of the H-bond theory, suggest
that the number density of effective
H-bonds in ultrasonic measure-
ments, normalized to an average H-
bond stiffness of <kR> = 18.4 N/m, is
larger than the equivalent number
density of effective bonds for static
measurements. Theory indicates
that the ratio of these equivalent H-
bond densities can be predicted
from the ratio of the critical water
content for ultrasonic and static
measurements. This ratio, in turn,
can be obtained from the magnitude
of slope values of In E vs. w for each
of the two measurement methods.
Thus, the postulate that different
types and numbers of H-bonds are
activated, dependent on the type of
modulus measurement, appears to

of the data. The difference in the
slope values of In E vs. w for ultra-
sonic and static modulus measure-
ments can therefore be explained by
the extension to the H-bond theory.

CONCLUSIONS
Analysis of Nordvall’s data (10) indi-
cates that there is a difference
between elastic modulus measured
by quasi-static and ultrasonic meth-
ods on the same paper sample. This
difference can be explained by the
view that there exist two different
forms of energy storage and propaga-
tion in cellulose, dependent on the
method of modulus measurement.

The present analysis shows that
paper anisotropy can be taken into
account by a modified geometric
mean of the modulus values in the
MD and CD. The different slopes of
in E vs. w for the MD and CD can
then be explained by a mechanistic
model in which stiff and soft, water-
accessible domains of a pulp fiber
are coupled in series and parallel
and oriented in the plane of the
paper. Stiffness in CD is less than in
MD, and the effect of water on stiff-
ness is stronger in the CD, as evi-
denced by a greater slope of in E vs.
w in this direction.

The present data analysis sug-
gests that, despite the limitations in
the available data, the H-bond theory
can be extended to explain and pre-
dict the apparent discrepancies
quantitatively. This extension states
that the equivalent number density
of effective H-bonds (H-bonds nor-
malized to an average H-bond with a
bond stiffness of <kR> = 18.4 N/m)
is higher for ultrasonic measure-
ments than it is for static measure-
ments. The ratio of these numbers
can be predicted from the ratio of
the slopes of In E vs. w in Regime II,
i.e., from the values of CI (coopera-
tive index). Other theories or expla-
nations for the changes in modulus
due to moisture—such as plasticiza-
tion, free-volume, or cohesive energy
density-may be qualitatively identi-

cal, but they are not amenable to sim-
ilar quantitative verification.

Table I shows that [(E 0)u/( E 0)s]
3 

1.3. This means that them is just
about a 10% difference between
ultrasonic and static moduli. This dif-
ference at zero moisture content
may be difficult to discern, consider-
ing the uncertainties involved in the
two measurement methods. Never-
theless, the significant difference in
CI values indicates that, in general, at
nonzero moisture contents, the dif-
ferences between E measured quasi-
statically and E measured ultrasoni-
cally are real and reflect water’s dif-
ferent roles in the dispersion and dis-
sipation mechanisms of energy stor-
age and propagation. Careful mea-
surements at zero moisture con-
tent—accounting for thermody-
namic differences in the measure-
ments, the low-frequency approxi-
mation, and paper viscoelasticity—
are needed to confirm if the approx-
imate 10% difference at zero mois-
ture content is real or if it arises from
the extrapolation assuming the H-
bond theory

Although the present work
focuses on paper, similar analyses
should hold for other hydrogen-
bond-dominated solids. An analysis
of modulus-water interactions for
hydrogen-bonded solids other than
paper may, in the future, serve as an
independent check of the proposed
explanation.
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