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In Part 1, the theory of hydrogen-
band-dominated solids is extended to
explain phenomena concerning the
elastic behavior of paper, based on
the postulate that the number density
of effective hydrogen bands normal-
ized to an average band stiffness, is
higher for ultrasonic modulus mea-
surements than for quasi-static mea-
surements.  This leads to the predic-
tions: (1) The measured elastic modu-
lus of a sheet of paper will depend
upon whether the modulus is mea-
sured quasi-statically using load-elon-
gation methods or ultrasonically using
the time of flight method, and that
the ultrasonic modulus, Eu, will exceed
the quasi-static modulus, Es, (Eu > Es).
(2) The rate of change of modulus
with increasing moisture content, w,
follows the rule: In [E] = A - (C.I.) w,
where the negative slope of the curve
In [E] vs. w is constant over a wide
range of moisture contents.  But again
this slope will also differ whether
measuted quasi-statically or ultrasoni-
cally, with (C.I.)s > (C.I.)u. (3) More-
over, the extended theory predicts
that the ratio of moduli at zero mois-
ture content is related to the ratio of
slopes by the expression: {[E 0]u I
[ E 0]s} 3 = [(C.I.)s + I] I [(C.I.) u + I].

The influence of water on the
elastic modulus of paper

EVERAL RESEARCHERS (I-3) HAVE
noticed a difference in the
effect of water content of
paper on its elastic modulus,

E, when determined by two differ-
ent methods. If the elastic modulus,
E, is obtained from quasi-static mea-
surements using a load-elongation
method then a relatively simple rule
describes how increasing the water
content (mass of water/unit mass of
paper), w, lowers its modulus. In the
following discussion subscripts s
and u refer to observations pertain-
ing to quasi-static measurements
and ultrasonic measurements
respectively. Above a critical water
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content, w c, the value 31n[El#3w
usually is a constant, which, in the
terminology of the hydrogen bond
theory, is called Cooperative Index
(C.I.) s (2). Similarly, if the modulus is
measured by the speed of stress
propagation on the same piece of
paper using the ultrasonic time-of-
flight method, one obtains a similar
constant for -am~aw = (C.I)u

over a very wide range of values of
w, up to the fiber-saturation value. It
is found (3, 4) that (C.I.) u is of the
order of 0.5 · (C.I. s) to 0.8 · (C.I.) s.

Weatherwax and Caulfield (1)
first tried to explain the discrepancy
as a combination of a duration of
load effect and flickering hydrogen
bonding that exists in cellulose-
water systems. They argue that
under the longer stress durations
found in quasi-static tension tests, H-
bonds can reform with some H-
bonds in stress relaxed configura-
tions. This explanation is compatible
with the observed viscoelastic defor-
mat ion in  paper  but  does  not
account for complete elastic recov-
ery after removal of a load. This
explanation also links paper elastic
modulus to hydrogen bonds, the pre-
dominant type of the intermolecular
forces found in wood polymers
while they are in their glassy state.
This is consistent with the view that
it is the strength of intermolecular
forces which determines the elastic
modulus of most polymers in the
glassy state (4, 5). Later, the same
researchers extended their explana-
tion to account for the different
types and numbers of H-bonds effec-
tively responding in quasi-static and

ultrasonic modulus measurements
(6). Compared with sonic methods,
where the measured modulus corre-
sponds to the fastest route that a
compressional wave can t ravel
through the material, modulus mea-
sured in a quasi-static test corre-
sponds to an average modulus of the
material between the test machine’s
jaws (7). This means that in ultra-
sonic measurements only the stiffest
H-bonds will contribute effectively
to paper modulus. The way in which
these different types of bonds are
affected by water will then be
reflected by a difference in slope of
ln [ E ] vs. w. Nissan (8) points out that
the transit time for a compressional
wave will be a function of water con-
tent in the amorphous regions and
that transit time will increase with
increasing water  content .  This
means that increasing water content
in the amorphous regions will
decrease the ultrasonically measured
modulus.

Batten (9) discussed several
causes for the discrepancies be-
tween ultrasonically and mechani-
cally determined moduli and argues
that accounting for them may reduce
the observed discrepancy to the
order of experimental error of the
two measurement methods. The
causes ,are (a) differences in the stiff-
ness coefficients caused by measure-
ments in two different thermody-
namic regimes, (b) the low fre-
quency approximation in ultrasonic
measurements, and (c) relaxation
phenomena in paper which are
more prominent in mechanical mea-
surements. Batten (9) argues that the



elastic stiffness coefficients are ther-
modynamic properties of a material
and postulates that ultrasonic meth-
ods measure adiabatic stiffness coef-
ficients, whereas quasi-static meth-
ods measure stiffness coefficients
which are non-adiabatic and related
to isothermal stiffness coefficients.
Using the continuum approach of
classical elasticity theory, Batten (9)
shows that the adiabatic stiffness
coefficients of a paper are slightly
greater than the isothermal stiffness
coefficients of the same paper. How-
ever, this difference cannot account
for the differences observed be-
tween ultrasonic and quasi-static
moduli.

Considering the stiffness matrix
of an orthotropic material it is clear
that non-principal stiffness coeffi-
cients contribute to the principal
moduli of paper. However, the low
frequency approximation in the
ultrasonic measurement of moduli
assumes that, for sufficiently low fre-
quencies (<100 kHz), longitudinal
waves in the plane of the paper do
not induce out-of plane motion, i.e.,
plane stress analysis is sufficient to
account for in-plane elastic proper-
ties (10). Batten (9) showed that the
low frequency assumption in ultra-
sonic measurements can lead to a
consistent overestimate (2-7%,
depending on paper orientation) of
the in-plane elastic modulus of
paper. Paper is a viscoelastic material
and any measurement of modulus
should account for the viscous com-
ponent of strain. The modulus
obtained in a mechanical test under-
estimates the “true” elastic modulus
because the measurements are not
conducted in infinitely short time
periods and with infinitely small
strains. Only in an infinitely short
experiment (allowing no relaxation
to occur), or an experiment in which
the strain is infinitesimal, the mea-
sured modulus  approaches  the
purely elastic value. By accounting
for the causes mentioned above the
discrepancy between moduli mea-
sured by ultrasonic methods and by

quasi-static methods can be reduced
(9).

An alternate explanation (11,12)
attributes the difference between
ultrasonically and quasistatically
measured modulus to moisture
dependent relaxation phenomena in
cellulosics. For dry cellophane, for
example, the difference between the
moduli is attributed, largely, to the B-
relaxation process. In moist cello-
phane, however, the difference is
due, in part, to the onset of the α −
relaxation (11-13) which influences
modulus measurement at low fre-
quencies; i.e., an increase in moisture
content (plasticization) causes a shift
of the isothermal modulus-frequency
response toward higher frequencies
(shorter times). This behavior is con-
sistent with the effects usually
observed when plasticizers are
added to polymers. This phenome-
nological explanation accounts also
for the increase in the ratio of ultra-
sonic to quasistatic modulus with
increasing moisture content. How-
ever, this alternate explanation does
not provide for a quantitative predic-
tion. We have chosen the H-bond
approach because it more directly
relates mechanical properties to the
cohesive intermolecular forces that
ultimately govern a materials elastic
modulus.

The objective of Part 1 of this
paper is to explain, using predictions
of the theory of hydrogen-bond dom-
inated solids, why moisture has a
greater effect in lowering the elastic
modulus of paper when measured
statically than it does when mea-
sured ultrasonically. The hydrogen-
bond explanation seems most appro-
priate of possible alternate explana-
tions because cellulose remains in
the glassy state at low and moderate
moisture contents and ambient tem-
peratures; the conditions usually
encountered in modulus measure-
ments. The elastic moduli of glassy
polymers relate directly to intermol-
ecular interactions as measured by
cohesive energy density, or, for
hydrogen-bond-dominated solids, to
the number density of hydrogen

bonds (4,5). Testing of the predic-
tions of the H-bond theory and con-
siderations that take paper an-
isotropy into account are left to Part
2 of this paper (14).

THE H-BOND THEORY
The theory of H-bond dominated
solids (hereafter called the H-bond
theory) (2,15-17) takes a molecular
approach to describe the macro-
scopic deformation behavior of
paper. Elasticity is assumed to arise
from interatomic potentials and the
straining of molecular bonds. In its
most simple form, this theory disre-
gards the network structure of paper
and postulates that only the number
density and bond stiffness of hydro-
gen bonds contributes to the elastic
modulus. The H-bond theory pro-
vides a reasonable qualitative and
quantitative description of the
effects of moisture, temperature, and
time on the elastic modulus of paper
based on thermodynamical princi-
ples. A principal weakness of this
theory is that, when compared with
structural theories of paper elastic-
ity, it completely ignores the contri-
bution of fiber morphology and fiber
distribution to the elastic modulus
(18). Recently Nissan and Batten set
out to develop the link between mol-
ecular and structural theories of
paper elasticity, using percolation
concepts (18, 19), employing the
concept of an invariant modulus
(20) and considering single-fiber
elasticity (21).

The hydrogen-bond theory
makes the following assumptions rel-
evant to the present study:

● Paper is a hydrogen-bond domi-
nated solid. This means that the
mechanical property, elastic
modulus, is primarily governed
by the characteristics of the
hydrogen bond and only to a
minor degree by other types of
bonds or by entropy (17).

●  Although H-bonds having differ-
ent bond lengths and different
bond energies exist in paper, an
average H-bond of an average
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potential energy, U, and hence
possessed of an average force
constant km)  for stretching the
OH-O distance R may be
assumed to control the modulus
E. This assumption will be exam-
ined and modified in the pre-
sent study.

The H-bond theory for E asserts
as its initial assumption, that the elas-
tic modulus of an ideally isotropic
paper of a density equal to that of
cellulosic crystals is proportional to
the cube root of the total number, ne,
of effective bonds per unit volume:

The factor 1/3, multiplying ne, arises
from the fact that an isotropic, ran-
domly oriented network of H-bonds
is mathematically equivalent to one
with a third of the bonds oriented
along each of the three, orthogonal,
principal axes. Taking Lipincott and
Schroeder’s potential function for
the H-bond, U (R), and assuming U (R)

for H-bonds in paper to average 19.9
kJ/mole, then with an equilibrium H-
bond length, R 0 = 0.274 nm, one
finds km) = lim (R - R0) i12U/dR’ =
18.4 N/m (17).

The H-bond theory postulates
two regimes of bond breaking by
water adsorption. In Regime I, from
zero moisture content to a critical
water content, w c, one water mole-
cule may break only one H-bond.
However, in Regime II, above wc, one
water molecule may break several H-
bonds cooperatively. The influence
of water on the elastic modulus is
accounted for by Eqs. 3 and 4-6. For
O <  w <  wc (Regime I), Eq.3 is
derived (2):

where E 0 is the modulus in the dry
state; w = 0).

In[ E(w)/E0 ]
II = D - (C.I.) · w (4)

In Regime II, for a water content
above w c up to the water content at
fiber saturation (FS) (wc < w < w FS)
the following equations hold (2):

Where Cl., the Cooperative Index, is
a measure for the cooperative bond
breaking effect of water. The cooper-
ative index is a direct measure for
the influence of water on elastic
modulus. If this value is small, the
loss in stiffness with increasing
water content is small. If the value is
large, the loss in stiffness is large.

It follows for Regime I that:

and for Regime II that:

-8.2, with a mean of -6.7 ± 0.9 (2).
The mean value of w c appears to be
about 0.04 to 0.05, which agrees
with  experimental  values  of  w m  of
water adsorption in paper. Calcu-
lated values of 6.4 for (C.I.) s and 0.24
for  D s,  obtained applying  the  cluster 
integral concept of water (17), agree
with the experimentally derived val-
ues of 6.7±0.9 and 0.26±0.06,
respectively (2).

Only a limited number of data
have been availabie to date for ultra-
sonic modulus measurements over
an extended region of water content
(3, 6, 22). Applying the equations of
the H-bond theory to these data one
finds the slope values in Regime II to
lie between -5 to -6 instead of -6 to
-7. There is a noted difference in the
response of the MD and CD moduli
to increasing water content, ex-
pressed by a different slope value for
MD and CD (3). To date, a funda-
mental, quantitative explanation for
these discrepancies is lacking.

THE ISSUE OF [ E 0]u AND [ E 0]s

where A is the intercept of In[ E ] vs.
w on the ln[ E ] ordinate with

To render these equations predictive
rather than merely descriptive it is
postulated that:

W h e r e  w m is the value of w f o r
adsorption of a “monomolecular”
layer of water on cellulose, given by
the B.E.T. analysis.

When the natural logarithm of
modulus values obtained by quasi-
static methods, ln[ E (w) ] s, is plotted
against w [for many papers reported
in the literature] two straight lines,
intersecting at a critical water con-
tent, w c, are obtained (2). Modulus
values at w > wc taken from the liter-
ature and fitted by a straight line,
using Eq. 4, yield negative slopes
with values ranging from -5.7 up to

It is postulated that in cellulose at
0% water content the two values of
E 0 obtained by ultrasonic and by
quasi-static methods reflect two dif-
ferent forms of energy storage and
propagation. This hypothesis will be
discussed below in the framework of
the H-bond theory which postulates
that the elastic properties of paper
are primarily governed by the effec-
tive number density of an average
type H-bond. However, there are dif-
ferent types of H-bonds in the crys-
talline regions of cellulose as pri-
mary and secondary hydroxyl
groups join to each other or to the
oxygen atoms in the glycosidic
chains. Furthermore, in the disor-
dered portion, amorphous regions,
the distances at which OH- groups
approach each other are constrained
by other parts of the network and
are mostly not at the equilibrium dis-
tance R0 but at longer distances.
Hence U (R), and therefore also km), is
smaller, i.e., less than the maximum
which may occur at the shorter R 0,
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Thus the network will consist of a
wide range of values of U (R), R, km)
and n c. For simplicity in the argu-
mentation this wide spectrum will
be divided into two classes. Class I
comprises crystallites, regions of
high order, where U(R) is of large neg-
ative value and hence km) is high.
This will include the surfaces of the
crystailites where bonds are accessi-
ble. Since the crystallites are of the
order of 0.35 nm in width, i.e., about
7-8 molecules across, some 44-49%
are therefore on the surface and
accessible to bonding with other
molecules or water. Class II consists
of less ordered portions with bonds
strained to various degrees. Their
energy values and those of km) will
be lower. Thus, in this model paper
and other cellulosics consist of stiff
elements (Class I) having high mod-
ulus values embedded in a matrix of
less ordered elements (Class II) of
low modulus values.

When such a system is subjected
to a constant, low stress the system
will deform with all elements con-
tributing their share to deformation,
according to the appropriate rule of
mixtures. Whether or not the differ-
ent elements are in series or in par-
allel, the average strain will be
greater than the strain suffered by
the stiffest elements and smaller
than the strain suffered by the more
compliant disordered elements.
Thus, if the overall modulus for the
ordered portion is E od and that of the
amorphous region is E amorph then the
E s measured by a quasi-static method
at 0% water content will be charac-
terized in general by:

In ultrasonic measurements, a wave
is sent through the paper and its
time of travel from the origin to the
reception point is measured. The
wave of stress will have different
velocities in the different elements
but the measured time is ideally that
of the fastest (not necessarily short-
est) path, i.e., the path through the

stiffest elements. This is therefore a
direct measure of [ E 0]ord. Thus,

For real paper, of lower density than
that of a cellulosic crystal, Eq. 1 for
the elastic modulus should be modi-
fied to read

Where the function f (ρ,γ) accounts
for the structural and chemical
properties of real papers. ρ is the
apparent density of paper and γ is an
activity coefficient to allow for dif-
ferences in composition or additives
which modify the degree of bonding
from that of ideal paper (19). Thus,
we get:

To derive a rigorous relationship
between Eqs. 15 and 16, it is neces-
sary to know both, the exact distrib-
ution of lengths, R, of the H-bonds
and the density of the bonds, n e, in
paper. Lacking this knowledge an
average value of d?m)> = 18.4 N/m,
as applying to both the ordered and
the amorphous regions, is adopted. It
then can be assumed that all ordered
regions have an equivalent density
of effective H-bonds, ( n equ)s, normal-
ized to the average bond stiffness,
ck(~)>. Accordingly, all H-bonds
(ordered and amorphous) average to
an equivalent bond density of

(I> nequ)s and one obtains:

There is no theoretical prediction
for how much the ratios in equation
(17) exceed unity. For a real paper,
the actual value depends on the mor-
phology of the fibers, the manufac-
turing process and the characteristic

duration of the modulus measure-
ment in each of the two methods.
Thus, in summary, it is postulated
that   the   difference  between   [ E 0]u

and  [ E 0]s  arises  from  different  types 
and different densities of effective H-
bonds activated in each of the two
measurement methods.

THE ISSUE OF (C.I.) AND wc

To have an influence on E s, a water
molecule may interact with any H-
bond to which it is accessible. But to
affect E u, it must effectively interact
with an H-bond in a more ordered
region, as, for example, at the surface
of a crystallite and, to achieve a criti-
cal water content in the ordered
regions, more water is needed than
predicted by ( w c)s. For the present
discussion it is postulated that the
critical water content is proportional
to the equivalent H-bond density.
The ratio of equivalent H-bond den-
sities, for ultrasonic and quasi-static
measurements, is therefore equal to
the ratio of critical water contents:

This yields, applying Eq. 5:

Equation 19 postulates that the mod-
ulus ratio at 0% water content is pre-
dictable from values of the slope of
In [ E ]  vs.  w  in  Regime  II  and  vice 
versa.

CONCLUSIONS
The extension of the H-bond theory
developed above, postulates that the
equivalent number density of effec-
tive H-bonds, which is normalized to
an average H-bond with an average
bond stiffness of C& = 18.4 N/m, is
higher for ultrasonic measurements
than it is for static measurements.
This difference in equivalent number
densities may be explained by the
view that there exist two different
forms of energy storage and propa-
gation in cellulose, dependent on the
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Elastic strength, equations, hydrogen
bonds, forecasts, measurement, mois-
ture content, paper, solids content, the-
ories, water.

method of modulus measurement. It
is demonstrated that the ratio of
these equivalent H-bond densities
can be predicted ultimately from the
ratio of the slopes of ln[ E ] vs. w of

Regime II and therefore from (C.I.).
Although the present work focuses
on paper, similar analyses should
hold for other hydrogen-bond-domi-
nated solids.

Next it is necessary to test the
internal consistency of this exten-
sion to the theory of hydrogen-bond-
dominated solids. It will be necessary
to account for paper anisotropy,
since the H-bond theory, in the form
developed above, holds only for
isotropic papers. These tasks will be

undertaken in Part 2 of this paper
(14). TJ
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