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ABSTRACT Pd!, Predvoditelev number denoting exponential time depen-
) o ) dence of equilibrium mass transfer potential (Lu-b'¢%/ay)

This paper presents an application of the Luikov system Pd}, Predvoditelev number denoting exponential time depen-

of heat and mass transfer equations to predict the tempera- dence of medium temperature (662 /aq)

ture and moisture distributions in a slab of capillary-porous Pn Posnov number (§(teo — t0)/(8o — 8o0) )

material during drying. The heat and mass transfer poten- n €0 = 10)/1%0 = Upo

tials of the external medium in the boundary conditions are ¢ Temperature (K)

assumed to vary exponentially with time. The method of solu- T Dimensionless temperature ((t = to)/(tco = to))

tion should have a general application to this type of problem Wi Dimensionless mass transfer potential parameter

with variable boundary conditions. Numerical results based (6p0/(60 = 8po))

on thermophysical properties of spruce are presented. W, Dimensionless temperature parameter (¢co/(tco — to))

z Space coordinate (m)
X Dimensionless space coordinate (z/€}

Keywords: Boundary condition, capillary-porous material, am Convective mass transfer coefficient (kg/m?2-s-°M)

drying rate, drying time, heat and mass transfer, heating rate,

/ | c «q convective heat transfer coefficient (W/m?2-K)
Luikov equations, lumber, moisture, temperature § Thermo-gradient coefficient (°M/K)
€ Phase transformation number: ratio of vapor diffusion co-
NOMENCLATURE efficient to coefficient of total moisture diffusion
Lo
The thermophysical parameters and dimensionless num- 8 Mass transfer potential (°M) _
bers used in the paper are as follows: © Dimensionless mass transfer potential ((6g — 8)/(6o — 6po))
A Heat of phase change (J/kg)
am Moisture diffusion coefficient (mz/s) /\,n MaSSCOndUCtiVity-CF)efﬁCien-t -(kg/ln'S‘o.\{)
aq Thermal diffusivity coefficient (m2/s) ‘Aq Thermal conductivity coefficient (W/m-K)
b Constant denoting rate of change of DBT (1/s) T Time (s)

b Constant denoting rate of change of EMTP (1/s)
Bi,, Biot number of mass transfer (amf/Am)
Biy Biot number of heat transfer(aqé/Aq)
Cm Moisture capacity (1/°M)
Cq Heat capacity (J/kg * K) ¢ Surrounding medium
Fo Fourier number; dimensionless time (aqr/£2) m Mass transfer
Ko Kossovich number (ACwm(80 ~ 8p0)/Cqlteo = to)) 0 Initial condition
¢ Half the specimen thickness (m) p Equilibrium value
Lu Lukomskii number (am/aq) g Heat transfer

Subscripts

1 The Forest Products Laboratory is maintained in cooperation with the University of Wisconsin. This article

was written and prepared by U.S. Government employees on official time, and it is therefore in the public
domain and not subject to copyright.
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INTRODUCTION

An application of the Luikov system of heat and mass
transfer equations (Liukov, 1966) is presented to predict the
temperature and moisture distributions in a slab of capillary-
porous material during drying. The slab is subjected to
boundary conditions of the third kind (Liukov and Mikhailov,
1965a,b), which relate the transfer potentials at the surfaces
of the slab to the corresponding potentials of the external
medium. The transfer potentials of the external medium are
assumed to vary exponentially with time to represent the ac-
tual kinetics of the drying process (Liukov and Mikhailov,
1965a).

Analytical solutions for the Luikov system of equations
with the heat transfer potential of the medium varying lin-
early or exponentially with time and the mass transfer poten-
tial of the medium remaining constant can be found in Luikov
and Mikhailov (1965a,b). These authors used the Laplace
transform technique to obtain their solutions without con-
sidering the possible existence of complex eigenvalues. As
pointed our by Liu and Cheng (in press), if complex eigenval-
uies do exist, their solutions can be grossly in error.

In a previous study (Liu, in press), both heat and mass
transfer potentials of the medium were assumed to vary lin-
early with time. A numerical example mas used for the drying
of lumber. in which the transfer potentials of the medium are
the dry-bulb temperature (DBT) and the relative humidity of
the drying air corresponding to the equilibrium mass transfer
potential (EMTP) of lumber. Results showed that by increas-
ing DBT only, the heat absorption of lumber was reduced in
comparison with that in a constant drying environment, but
drying time was, not reduced. However, by simultaneously in-
creasing DBT and decreasing EMTP, the heat absorption of
lumber and the drying time may both be reduced.

In this study, | extended my analysis (Liu, in press) to
include the assumption that the transfer potentials of the
medium vary exponentially with time. The complete solu-
tions are composed of a homogeneous solution and a particu-
lar solution, the former being obtained by means of the same
analytical technique developed previously (Liu and Cheng,
in press; Liu, in press), the latter by the method of undeter-
mined coefficients (Hildebrand, 1962). Unlike the particular
solution presented previously (Liu, in press), here the solu-
tion is further separated into two parts, one associated with
heat transfer potential of the medium and the other with mass
transfer potential. The particular solutions are obtained by
superimposing the two parts that satisfy the governing equa-
tions and the boundary conditions. This greatly simplifies an
otherwise very complicated procedure to obtain the particu-
lar solutions. When the boundary conditions change, the ho-
mogeneous solutions remain the same, only the particular so-
lutions need to be changed. The Laplace transform method
(Liukov and Mikhailov, 1965a,b) cannot handle similar situ-
ations with equal ease because it can only yield the complete
solutions directly. Therefore, the solution procedure presented

in the study reported here is especially useful when the bound-
ary conditions are complex or when they need to be changed
in the process as in a zonal analysis (Liukov and Mikhailov,
1965b).

HEAT AND MASS TRANSFER EQUATIONS

For the one-dimensional case, as shown in Figure 1, heat
and mass move along the x axis only. Under constant pressure
condition, the governing equations (Liukov and Mikhailov,
1965a) are as follows:

L.

!
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Figure 1-Schematic representation of specimen.
(ML89 5580)
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where T is dimensionless temperature, Q dimensionless mass
transfer potential, Fo dimensionless time or Fourier number,
X dimensionless space coordinate, e phase transformation
number, Ko Kossovich number, Lu Lukomskii number, and
Pn Posnov number (see Nomenclature).

Let DBT and EMTP represent heat and mass transfer
potentials of the medium, respectively, for ease of presenta-
tion. For constant DBT and EMTP in the boundary condi-
tions (Liu, in press),

t—1tp

= r—y ?3)
= oio: eo,, “)
Ko = *—gﬁg’i_:%ﬁ 5)
Pn = igo-:‘;T") (6)

where the notations on the right-hand sides are dimensional
and t is temperature, t. the DBT, t, initial temperature of
slab, g moisture transfer potential, g, the EMTP, g, initial
mass transfer potential of slab, A heat of phase change, C,
and C, are moisture capacity and heat capacity, respectively,
and d is thermo-gradient coefficient. Assuming that DBT and
EMTP are exponentially time dependent so that

te = teoe’” (b20) @)

bp = 60e¥" (¥ 20) ®)

where t, is initial value of t;, g, initial value of g, t time,
and b and b' are constants denoting the rates of change of
DBT and EMTP, respectively, t. and g, in Equations (3) to
(6) must be replaced by t, and :
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ACm(80 ~ 6550)
Ko=22 " PV 11
®= Cqlteo — to) a
6(tc0 - tO)
Pn = ———rt 12
n 80 — o0 (12)

Equations (9) to (12) are also true in Equations (1) and (2).
The boundary conditions of the third kind based on Equations
(7) and (8) are as follows:

% + BiyT — (1 - €)LuKoBim©
/
= Big(1 — W, + W,eFda™) W
— (1 = €)LuKoBim(1 + Win — Wipe~PdmFo)
(X = %1;Fo > 0)
% ~Pn % + Bim®© = Bim(1 + Wi — Wipe~PdmFo
(X = £1;Fo > 0)
(14)

where Bi, and Bi,, are the Biot heat and mass transfer
numbers, respectively, Pd; (the same as Pd' in Luikov and
Mikhailov (1965a,b)) is the Predvoditelev number for the case
of exponential time dependence of DBT, defined by

bee

Pd; 22— (15)
aq
W, a dimensionless temperature parameter, defined by
teo
Wy = —= 16
= (16)

Pd, a new dimensionless Prevoditelev number identified in
the present study for the case of exponential time dependence
of EMTP, defined by

192

Pd, = ye, Lu @an

am
and W, a dimensionless mass transfer potential parameter.
defined by
650
WV, = —2%
Wm B - o0 (18)

In Equations (15) and (17), a, and a,, are the thermal dif-
fusivity coefficient and moisture diffusion coefficient, respec-
tively, and ¢ is half the specimen thickness.

For Pd;, = 0, the boundary conditions (13) and (14)
agree with those of Luikov and Mikhailov (1965a) which con-
siders the time dependence of DBT only.

Because of symmetry, at X = 0 we should have

aT

37 =0 (X =0Fo20) (19)
30 -~

57 =0 (X=0:Fo20) (20)

The initial conditions are assumed to be constant and are
represented by

T=0 (-1€£ X <£1;Fo=0) (21)
0=0 (-1€£X<L;Fo=0) (22)

METHOD OF SOLUTION

Because the boundary conditions (13) and (14) are non-
homogeneous, the solutions can be represented by two parts, a
homogeneous solution and a particular solution.

Homogeneous Solution

For the homogeneous solutions of T and Q, we set the
right-hand sides of equations (13) and (14) equal to zero. The
detailed solution technique for this case was shown previously
(Liu, in press). Here we list the resulting equations only.

The espressions for the homogeneous solutions T, and
Q. are expressed in the form of infinite series:

2
- 2 '
Ty = Z ple #iFo 4 (4 cosvypnX

n=1
+ agg(pn) cosvopn X). (23)
- 2
Oy = Z p2e#nFo 4, (b) cos vy unX
n=1 . .
+ bog(pn) cos voun X) (24)

In Equations (33) and (34) the parameters v, and v, are

2=

(SN

(1 + L + eKoPn)
Lu

1 1 212
Z (1 tiat eKoPn) - ﬁx. (25)

(1 + L + eKoPn)
Lu

[

' 1 2 1 ‘.1/2
+ I (1 +—+ eKoPn) - E (26)

Lu

The eigenvalues ., are obtained from the characteristic
equation

(pvitanvip + P1)(pvatanvep + vg) = vy (27)
in which

1 = [Big = BigLuv{ + (1 ~ €)Lu’KoBimPnv{
~ BipLuvd(1 - Luvj)]/Lu(v} - v3)

2 = [Biq — BigLusd + (1 — €)Lu’KoBimPnvj
- BimLuv3(1 - Lusd)}/Lu(v3 — v3)

¥3 = =BimBig + Y192

The parameter 1 in Equation (27) can take an infinite number
of real values as well as some complex values and is therefore
subscripted as .

The function g(u) is

~pvysinvp + Big Luuf cos v i
Hvasinvap — Bile,xr/ff cos vt

glp) = (28)
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The constants a,, a,, b;, and b, are

a) =Luwf -1
ag = Luvd =1
by = Lqulf (29)

by = LuPnv3

The constant coefficients A, are to be evaluated from the
initial conditions (21) and (22) later.

Particular ~ Solution

For the particular solutions, T, and Q, of T and Q, it is
convenient to consider the terms associated with Bi, and Biy,
on the right-hand sides of Equations (13) mid (14) separately.
Thus, we set

Tp = Tpl + Tp2 (30)
ep = epl + ep? (31)

with T, and Q,; associated with Bi, and T,, and Q, with
Bi,. Note that Bi, does not exist on the right-hand side of
Equation (14).

(a) Rewrite Equations (13) and (14) as

61: + BiyT — (1 ~ ¢)LuKoBi»©
oX (13)
= Big(1 = W, + W,eP4™) (X = £1;Fo > 0)
%0 ., or .
3x “Frax +Bin® =0 (X =%£1;Fo > 0) (14

We want to solve Equations (1) and (2) under conditions
(139, (149, (19), and (20). Replacing T with T,; and Q with
Q,: in these equations and using the method of undetermined
coefficients (Hildebrand, 1962), we assume

Tp1 = ¢1 + (cg cos e3X + ¢4 cos c.X JecsFo 32)
Op1 = dy + (dacosd3 X + dy cosds X )edsFe (33)

It can readily be derived that in Equations (32) and (33)

e =1-W,
BigW, Py

2= PP, - PP,

€3 = iy / Pd:llq

oy = BiWePy
Py Py~ PyP;

cs = iy/Pdyvy

g = Pdj (34
di =0
2
- 1
dz eKo c2
d3 = c3
vi-1
o= —io
ds = ¢3
dg = cg

in which

| . H
P= L‘L-R;J(,/Pd;ul sinh /Pdyyy + Bim cosh Pd‘l'jl)

~ Pn,/Pdyu sinh

g ‘
Py = (_1.'2__1.2(\ /Pdyvy sinh /Pd{vs + Bim cosh Pd‘:”)

eKo

~ Pny/Pdgvy sinh |/Pdgvy

Py = Big cosh 1/Pdyv; + 1/Pdyyy sinh

Pdgyy

Pd'qy;l
-+ (l - 1)(1 — v#)LuBiym cosh +/Pd,u; '
€ 1 9

Py = Big cosh 1/Pdgvg + 1/Pd,ve sinh | /Pdre

1 . . '
+ (; - 1)(1 — v§)LuBim cosh 1/Pdjvy (35)

(b) Rewrite Equations (13) and (14) as

ar
ax t BigT - (1 - e)LuI\onmO

= —(1 = )LuKoBim(1 + Wy — We-PdmFoy (13
(X =+1;Fo > 0)
g% ~Pn gf\" + Bim® = Bim(1 + W — Wine=PdmFoy
(X = £1;Fo > 0)
(14"

We want to solve Equations (1) and (2) under conditions
(13", (14"), (19), and (20). Replacing T with T,, and Q with
Q.. in these equations and assuming likewise that

Tp2 = €1 + (eg cos e3X + €4 cos eg. X ecsFo (36)

Op2 = f1 + (f2 cos fsX + fy cos fsX)elsFo  (37)
we can obtain that in Equations (36) and (37)

€1 =0
[@2(1 = €)LuKo + Q41Bim W
Q2Q3 ~ Q1Q4
= VPdinm
[Ql(l — €)LuKo + Q3)Bim Wy
 Q1Q4 —Q20Q3
es = y/Pd,1p
€6 = Pd:.n (38)
fimltWn
g -
=uz1
f2="%5
fa=es
PR 2%
eKo
fs=¢s
Jo=eg

eg =

€2

in which
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Q= (—V-le-K——-—l-(me cos y/Pdi, vy = o/Pd) 1y sin \/lq_vl)
+ Pn\/i’d’ vy sin \/Pd' n
Q2 = (—if{:L(Blm cos \/;aug - /Pd},vq sin \/‘IE,:VZ

+ Pn\/l;d'mu} sin \/Pdmug
Q3 = Big cos \/Pd\, 1 = /Pd}, v sin / P},
1y, .
+ (1 - -e-)(vf — 1)LuBim cos y/Pdl 1
R4 = Big cos \/Pdl, vy — \/Pdl, vq sin \/Pd},vp
1 .
+ (1 - ;)(V% - 1)LuBiny, cos /Pd), 12

It is evident that Equations (30) and (31), with T,
replaced by T, Q, by Q, and the right-hand sides of these
equations expressed in terms of Equations (32), (33), (36), and
(37), can satisfy Equations (1), (2), (13), (14), (19), and (20).
Thus, from Equations (23), (24), (30), and (31)

(39)

T=Ty+Tp (40)
Now we must evaluate the coefficients A, in Equations
(23) and (24), which are the homogeneous solutions in Equa-
tions (40) and (41). By setting Fo = 0 in the homogeneous
and particular solutions in Equations (40) and (41) and mak-
ing use of the initial conditions (21) and (22), these coeffi-
cients can be evaluated using a least-squares technique (Cheng

and Angsirikul, 1977; Hildebrand, 1974). First, we set up the
following integral:

N= / Tp(X,0) + Z 1% An(ay cos v pun X

n=1

+ azg{un) cos VZI‘nX)]
[Tp(.\ 0) + Z B2 An(ay cos vy finX
n=1
+ a2g(7in) €08 v2in X))
[Op( X,0)+ Z e 4,,(1)1 cosvypinX
n=1
+ bag(in) cos Vfﬂn4Y)]
w -
x [e‘,,(x, 0) + n; 72 A (by cos vy in X

+ bag(in) cos vofin X)| } dX

(42)
which must be a minimum and in which
Tp(X,0) = ¢; + cacose3.X + ¢4 cos c5.X
+ ey +e9 cos e3.X + ey cos egX
Op(X,0) = d) +dycosd3 X + dy cos ds.X (43)

+ f1 + fa cos f3.X + f4 cos fs.X
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The a and b values are defined by Equation (29), the c and d
values by Equation (34), and the e and f values by Equation

(38). The parameters i, and A, are complex conjugates of p,
and A,, respectively.

The condition that W be a minimum requires that its

partial derivatives with respect to A, or A, shall be zero.
Therefore,

82 _ MIrxore S 424 .
i = Jo {[ p(X,0) + n};lpn n(az cos viun
+ agg(un) cos Vgan)]

X p?n(al cos V1 imX + asg{fim) cos vafimX)

[ =]
+ [QP(X,O) + z 2 An(by cos vy punX

n=1

+ bag(pn) cos vapnX )]
X ﬁ?.,,(bl cos N fimX

+ b29(ﬁm) cos V2l—‘mX)} dX

=0 (m=1,23,...) (44)
Note that the same results are obtained if we set
90/0Am =0. In matrix from Equation (44) a Her-
mitian matrix as
[Cmn]{An} = {Rm} (45)

in which
1, )
Crn = [ (1B (a1 cos 4B X + ang(im) cosvin)
x p’(ay cosvipnX + azg(pn) cos vopun X))
+ [/'—L?n(bl cos vy imX + bpg(fim) cos vafimX)

x 12(by cos v pn X + bag(ptn) cos vauaX )|} dX

(46)
i = = [ BT, cos i X
+ agg(fim) cos vofim X]
+ Op(X, 0)[by cos vyfim X
/’ + byg(fim) cos vofim X ]} dX  (47)

The coefficients A, can be determined from the system of
linear Equations (45). We can then calculate T and Q from
Equations (40) and (41) by means of Equations (23), (24),
(30), and (31).

The espressions for T and Q, their averages T and Q
across 0 < X < 1, and the derivatives of T. Q, T, and Q with
respect to time Fo (that is, the heating and drying rates) are
summarized as follows:



T = ¢1 + (cg cosc3 X + ¢4 cos c5 X )e6F0
+ €1 + (e2 cos ez X + ¢4 cos e5.\’)eeGF°

bl 2
+ Y ubhem#nFo 4, (a) cos vipnX + agg(un) cos vapnX)

n=1
(48)
© = dy + (dy cos d3 X + d4 cos d‘r,X)e‘lGF"
+ f1 + (facos f3X + fy cos fs X )el6™

o0
—-u? - . .
+ Z ule #Fo 4 (b1 cos vy pnX + bag(pin) cos vaunX)

n=l
(19)
P c1 + (—- sinc3 + pa sm c;,) cgFo
+e1+ (-—- sinez + e_ sin 65) egFo
+ Z fn€ ""r"An (-—— sin ¥ pin 4 L280Fn) ﬂ") sin volin )
n=1
(50)
ds
6=d + (:l— sindg + gl—smdg,) dgFo
+fi+ (§- sin f3 + f—sm f5) efGFO
b
+ Z bn e“"ﬂF°A (—11- sinvyun + 2g(/4 ) g sin llg;tn)
n=1 0
(51)
_dc_l% = cg(cg coscaX + cq cos cs X )eS6Fe

+ eg(eg cos ez X + ¢4 cos eg,X)eeGF"

oo
2 . .
- Z phem#nFo 40 (a1 cosvipnX + azg(pin) cos vaunX)

n=l
(52)
do - \,dgFo
o= dg(dy cos dz X + dy cos ds X )e%6
+ fo(fz cos f3X + fy cos fs X )efo™
] 2
— 5 phe#RF0 4y (by cos vyun X + byg(hn) cos vaunX)
n=1
(53)
dT - () CGFO
a5 = cs(c3 sin c3 + 5 sm cs)
+ e(;(— sin eg + g es )ec6Fo
€3 €5
S (n)
- Z pse"“"F°A (-— sinvypun + L29¥n) gin Vg[l.n)
n=1 va
(54)
—_— o | glro
o ds( % sinds + I sin d5)
fa Ja JgFo
+fs(f sin f3 + T. smf5)e
- Z ha e““"F"A (b— sinvyun + 2g ”") sin ugp,.)
"
n=]

(55)
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NUMERICAL RESULTS AND DISCUSSION

We consider three cases of drying environmental condi-
tions for comparison (Liu, in press):

Case I-Both DBT and EMTP are constant; Pd, and
Pdi, defined in Equations (15) and (17), respectively, are then
zero; DBT should maintain a high value while EMTP main-
tains a low value.

Case 2-DBT increases esponentially with time while
EMTP remains constant; Pd, should then be positive and
Pd,, zero: initial DBT or t, should take a low value, as
should the EMTP.

Case 3-DBT increases exponentially with time while
EMTP decreases exponentially with time; Pd;, and Pd;,
should both be positive; initial DBT or tcO should take a low
value. but initial EMTP or g, a high value.

To conveniently compare cases 1 and 2, we express te
in terms of t, , whereas g, need not be specified. To com-
pare cases 2 and 3, t,, is expressed in terms of t, , and gy
in terms of g,. Based on the estimated thermophysical prop-
erties of spruce (Thomas et al., 1980), the input and related
data for the three cases are shown in Table 1: case 2 is denoted
as case 2a for comparison with case 1 and as case 2b for com-
parison with case 3. The numbers Ko in Equation (11) and
Pn in Equation (12) and the parameters W, in Equation (16)
and W, in Equation (18) all contain te, to, g, and ¢,. They
hare been calculated for the three cases according to the as-
sumed relationships between t, and t, and g, and g, in Ta-
ble 1. For the numerical illustrations of this study, these data
are also based on the assumption that the thermophysical
properties remain constant during drying.

Note that in reality these properties may be functions of
either temperature or moisture, requiring the application of
zonal calculations (Luikov and Mikhailov, 1965b) for improved
solutions. We can also apply numerical techniques, such as the
finite difference methods employed by Plumb et ai. (1985) and
Stanish et al. (1986), to account for variable thermophysical
properties.

The real eigenvalues in Equation (27) were obtained
by means of a bisection procedure. As pointed out by Liu
and Cheng (in press), when complex eigenvalues also exist
in Equation (27), they must be included in the calculations
to satisfy the initial conditions. Using a method by Muller
(1956), which was included in IMSL (1987), a pair of com-
plex eigenvalues was obtained for each case in Table 1. The
eigenvalues in Equation (27) are dependent on the product of
Ko and Pn; therefore, the same complex eigenvalues were ob-
tained for all cases. These values are 0.58311 + 0.0199078i.

Equations (21) and (22) specify that initially the heat
and mass transfer potentials are uniformly distributed in the
specimen; however. as drying progresses, their distributions
are likely to be approximately parabolic. For the heat po-
tential or temperature distribution, the maximum value is at
the surfaces (X = #1) and the minimum value at the center
(X = 0); for the mass or moisture potential distribution, the
opposite is true. For comparison, it is convenient to consider
their average values across the specimen thickness.

Figure 2 shows the variations of average dimensionless
temperature T and mass transfer potential Q as functions of
Fo for several values of Pd; with Pd;, = 0. For Pd, = 0,

we have case 1 in Table 1. The value T increases with Fo and
approaches 1 when Fo > 200. For Pd; > 0, we have case
2ain Table 1. The value T decreases initially with time un-
til Fo = 6, when it starts to increase. This same phenomenon
was also reported in the drying of food stuffs (Robbins and
Ozisik, 1988). The value T also increases with an increasing
Pd,. The combined effects of Pd';, Ko, and Pn on Q are seen



Table 1-Input and related data for three cases of environmental drying conditions

Case Lu Big Bim ¢ Pn Ko Pd, Pd, Wy Wm to 0o
1 0008 04 14 03 24 8 0 0 L1 Wam 1lty 8y
2a 0008 04 14 03 024 80 >0 0 20 Wm 2t 8
% 0.008 04 14 03 02¢ 80 >0 0 20 011 2t 0.16,
3 0008 04 1.4 03 043 4444 >0 >0 20 1.0 2t 0.56,

to be negligible until Fo > 110, when Q starts to branch out
with increasing Fo, reaches a maximum. and then decreases.
The higher the value of Pd|, the sooner the maximum Q is
reached. When the maximum Q is approached, the inside
moisture potential tends to increase and the surfaces dry out
fast while the temperature is still increasing, resulting in sur-
face degrade. Therefore, by increasing DBT only, the drying
time cannot be reduced and material degrade may occur (Fig.
2). To avoid material degrade, Pd'; must be kept low.
According to Equation (9), with t replaced by its average
value fand T by T, and cases 1 and 2a of Table 1, we obtain

i -

™ =1+ 10T (Pd:, =0) (56)
i _

5= 1+7T (Pd, > 0) (57)

The data for T as a function of Fo for the Pd', values in

Figure 2 are transformed with T being replaced by the aver-
age temperature ratio f/t, according to Equations (56) and
(57) (Fig. 3). Figure 3 shows that for the same curves of Q as
a function of Fo for the several values of Pd, in Figure 2, the
curve of the average temperature ratio t/t, as a function of
Fo for Pd’, = 0 is much higher than the curves for Pd’, > 0.

12¢
o
—_—F
eT- ——3
8 [l
3,
It
ab
C 2 0.008 to 0.0
/’
-4 I b b L L Aty 'l Lol L Lt 1 Ll
| 5 0 50 100 $00
Fo

Figure 2—Variations of average dimensionless tempera-
ture T and mass transfer potential © as functions of time
Fo for several values of Pdy with Pd;,, 0. (Lu = 0.008,

Big = 0.4, Bim = 1.4, ¢ = 0.3; for Pdﬁl =0, Pn=24,
Ko =8, 1V, = 1.1; for Pdf, > 0, Pn =0.24, Ko = 80,
Wy = 2.) (ML90 5496)
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This indicates that for Pd', > 0, the heat absorption of lumber
is less than that for Pd; = 0 based on the assumed relations
(56) and (57). Obviously, for Equation (57) to be valid and

to achieve the economical process objectives, Pd, cannot be
made arbitrarily small. The smallest allowable value for Pd;
can only be determined experimentally.

Figure 4 presents the variations of average dimensionless
temperature T and mass transfer potential Q as functions of
Fo for several values of Pd', with Pd, = 0.005. The curves of
T and Q as functions of Fo for Pd', = 0 (case 2b in Table 1)
are the same as the corresponding curves for Pd; = 0.005 in
Figure 2. As Pd, increases from 0 to 1, T varies only slightly
while Q increases noticeably but nonuniformly with increasing
Fo. As Pd;, approaches 1, the increase of Q becomes increas-
ingly small for Fo > 50. )

The variations of average temperature ratio t/t, as a
function of Fo for the values of Pd;, in Figure 5 are obtained
from Equation (57). The average mass transfer potential ra-
tio g/q., is obtained from Equation (10) with q replaced by its
average value ¢, Q by Q, and cases 2b and 3 of Table 1:

;’;o =1-096 (Pd),=0) (58)
;f; =1-050 (Pd, >0) (59)
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Figure 3~ Variations of average temperature ratio /ty
as a function of time Fo for several values of Pdy with
Pd,, = 0. (Lu = 0.008, Biq = 0.4, Bi;y = 1.4, ¢ = 0.3; for
Pd; =0,Pn=24Ko=8 W, =11 for Pdy > 0,
Pn = 0:24, Ko = 80, Wy = 2.) (ML90 5497
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Figure 4—\ariations of average dimensionless tempera-
ture T and mass transfer potential © as functions of time Fo
for several values of Pdy, with Pdy = 0.005. (Lu = 0.008,
Biy = 0.4. Bip, = 1.4, ¢ = 0.3, Wy = 2; for Pdy, =0,

Pn = 0.24. Ko = 80, Wy, = 0.11; for Pd;,, > 0. Pn = 0.43,
Ko = 44.44, "Vm = 1) (MLQO 5498)

The data for Q as a function of Fo for the values of Pd;, in
Figure 4 are transformed with Q being replaced by the av-
erage mass transfer potential ratio g/q, according to Equa-
tions (58) and (59) (Fig. 5). In Figure 5. for Pd', = 0 and
1, the two corresponding curves of /t, are closely entwined
with each other; for Pd', to increase from 0 to 0.01, the dry-
ing time actually increases as the g/q, curve for Pd,, = 0.01
stays above that for Pd;, = 0 until Fo = 280 at g/q, = 0.22,
where the two curves intersect with each other. For Pd, = 1,
the drying time is somewhat reduced, reaching Fo = 215 as
compared to Fo = 305 forPd,, = Oat g/gop = 0.2. The
curve for Pd,, = 0.1 is slightly above that for Pd;,, = 1
and is not plotted. The relationship between the drying
time and Pd}, is thus seen to be nonuniform, but a value of
Pdi, approaching 1 has a definite advantage especially for
Fo > 10.

Note that if a larger value for Pd, as shown in Figure 2

was selected for Figure 5, for a given value of Pd', the ratio
g/q, for the surfaces (X = £ 1) will approach 0 when g/q, is
still positive as time Fo increases. When or shortly before that
happens, the drying process must be suspended and the en-
vironment altered to avoid material degrade. In application,
the drying process can be readily divided into several zones, in
each of which different boundary conditions can be prescribed
to obtain optimum results of reduced lumber heat absorp-
tion and drying time. Such a process is, of course, beyond the
scope of the present study.

CONCLUSIONS

This paper presents an analytical method for solving the
Luikov system of heat and mass transfer equations with expo-
nentially time dependent boundary conditions. The solutions
are composed of a homogeneous solution and a particular solu-
tion. When the boundary conditions change, the homogeneous
solution remains the same; only the particular solution needs
to be changed. Also, the particular solution may contain sev-
eral parts, each corresponding to a part of the boundary con-
ditions. Thus, the method can reduce considerably the math-
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Figure 5— Variations of average temperature ratio /ty and
mass transfer potential ratio /6y as functions of time Fo
for several values of Pd,, with Pdy = 0.005. (Lu = 0.008,
Big = 0.4, Biyy = 1.4, ¢ = 0.3, Wy = 2; for

Pd,, =0, Pn = 0.24, Ko = 80, Wy, = 0.11; for Pd,,, > 0,
Pn = 0.43, Ko = 44.44 Wy, = 1.) (ML90 5499)

ematical derivations when the boundary conditions are com-
plex. In the literature, the integral transform techniques have
been recommended for solving the Luikov system of equa-
tions. Such techniques are very difficult to apply for the type
of problem considered in the study reported here.

From the numerical example of lumber drying, the so-
lutions suggest that a drying process be divided into sev-
eral zones with different boundary conditions in each zone to
achieve the goals of reducing lumber heat absorption and dry-
ing time. The method presented in this study can handle dif-
ferent boundary conditions with ease and is therefore very at-
tractive for such applications.
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