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A nonlinear theory of forced vibration response is developed and applied t o  cor­
rugated fiberboard containers loaded in top-to-bottom cyclic compression. The 
theory incorporates an exact undamped free vibration solution and an approxi­
mate forced vibration solution for predicting transmissibility curves from empir­
ical nonlinear stiffness and damping functions. The container response at arbi­
trary precompression load levels and harmonic forcing accelerations is shown to 
depend on material stiffness, damping, and the respective rates of load-dependent 
change. Physical constants Characterizing various container designs are deter­
mined by matching theoretical softening system transmissibility curves to  data 
acquired using a force plate excitation-responsesystem. Results from an exper­
imental study describe the stiffness and damping properties resulting from flute 
construction, container size, and interior end-pad design characteristics. Favor­
able or detrimental response characteristics of container stacks can be inferred 
from the nonlinear material properties of individual containers and the property 
interactions. 

INTRODUCTION 

Products in corrugated containers are often shipped in pallet loads or stacking arrangements where top-to­
bottom container stiffness determines the likelihood of transportation-induced shock and vibration damage. Cush­
ioning material, product resilience, or the compliance of interior packaging can interact with the container and 
shift the vibration response between favorable and detrimental conditions. Knowing how to characterize an indi­
vidual container to predict the response of a whole stack has important implications for designing containers and 
for assessing safe stacking patterns. A general understanding of vibration protection based on fiber product mate­
rial can make corrugated fiberboard the material of choice within the packaging and distribution industries. 

Standard vibration test methods [1,2] for simulating over-the-road packaging performance can determine pri­
marily the resonant frequencies of a container or stack, but such methods do not fully address how to improve the 
container. More objective test methods and analysis procedures are needed by which individual containers and 
their interior components can be evaluated and designed according to criteria that optimize stack dynamic perfor­
mance. A critical difficulty to overcome in characterizing the container is that corrugated containers follow non­
linear restoring force-deformation characteristics and dissipative force-velocity characteristics. Exact solutions 
for analyzing the forced vibration response of such systems are virtually nonexistant [3]. Various approximation 
methods have been applied to analyzing nonlinear systems-eachmethod has unique advantages and restrictions, 
depending on the characterizations of material stiffness and damping. 
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One of the earliest studies that demonstrated the scope of the problem was that by Godshall [4], who tested 
and analyzed a specific corrugated container as a spring component in a single-degree-of-freedom (SDOF) system. 
His frequency response analysis summarized nonlinear stiffness and damping properties with a table of equivalent 
linear properties, each pair associated with a different experimental combination of static equilibrium top-load and 
forcing-vibration amplitude. Similar nonlinear behavior, along with the problems of reducing the data, was exhib­
ited when Godshall [5] later evaluated the response of corrugated pads. 

Motivated by a need to reduce transportation damage to produce, Peleg proposed a forced vibration model 
having linear plus cubic stiffness and viscous plus friction damping as a general model for approximating the shock 
and vibration response of nonlinear cushioned items [6] and unit loads [7]. Physical constants in the model are 
determined by analyzing dynamic force-deflection hysteresis loops, rather than by analyzing response-frequency 
curves. The linear plus cubic stiffness function yields an odd function curve symmetric about the origin, with ap­
plications to  determining an average solution to the equations of motion. Unfortunately, Peleg’s analysis is not 
easily applied to  corrugated containers in a stack where individual containers of equal initial stiffness are subjected 
to  an incrementally increasing static precompression. 

In previous research [8], I analyzed the dynamic reaction force beneath a box stack modeled as a linear 
multiple-degree-of-freedom (MDOF) system. Permanent deformation around the horizontal score line and load 
sharing with the interior package were found to cause higher corrugated container stiffness with increasing pre­
compression. Boxes at the bottom of a stack became stiffer than those at the top. The model incorporated static 
load dependent stiffness properties but predicted only an assumed linear behavior based on these properties re­
maining constant. Knowing how to characterize the dependence of these properties on vibration amplitude could 
have improved the predictions. 

Two important phenomena were found to be associated with corrugated container stiffness: (a) stack vibra­
tion response a t  resonance theoretically decreases with an increasing rate of stiffness change in progressing from 
the top to bottom tiers, and (b) under conditions where the product does not support the stack weight, cushions 
softer than the container can theoretically act like vibration absorbers to minimize dynamic loads on the contain­
ers, but at the expense of increased product vibration. Using knowledge of favorable container design characteris­
tics that lead to  superior stack performance, this report proposes a theory for dealing with experimental vibration 
data and for determining the nonlinear stiffness arid damping properties of individual containers. 

OBJECTIVE AND SCOPE 

The objective of this report is to propose a nonlinear vibration theory for characterizing corrugated fiber­
board containers in terms of parameters known to relate to the dynamic vertical response of MDOF stacks during 
transportation. We review the concepts for characterizing the response of linear systems subjected to  a harmonic 
base disturbance and introduce equations for predicting top-to-bottom stiffness and damping as functions of load 
under static conditions. Using the stiffness-load relationship, we predict the undamped cyclic load-deformation 
curve and the corresponding strain-energy relationship specific to  corrugated containers. 

The section Free Vibration Response describes how to determine the undamped natural frequency of our 
nonlinear system. Starting with other force-deformation and elastic energy relationships, the method can have 
applications to  general nonlinear systems. The solution given is an exact solution in the sense that the numerical 
solutions proposed can be carried out to any degree of accuracy. Vibration amplitude is characterized in terms of 
the maximum response velocity, as a way of dealing with a nonharmonic system response. 

In the section Forced Vibration Response, we propose an approximate solution to  calculating nonlinear sys­
tem transmissibility curves. Expressions for linearized stiffness and damping are determined from the average de­
formation during free vibration. We assume that expressions for nonlinear natural frequency and ratio of critical 
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Fig. 1-Representationof a SDOF spring-masssystem. Properties of stiffness K* and damping D* depend on 
the static equilibrium deformation a t  load P and on the undamped free vibration velocity amplitude of the 
equivalent guided system having an average generalized weight P*. 

damping can be substituted into the linear transmissibility relationship to  predict the response of an equivalent 
linear system a t  each relative response velocity. 

Experiments are described under a factorial design for characterizing the response of corrugated contain­
ers using the proposed theory. The experimental procedure can be applied to individual containers, their interior 
cushioning, and container stacks. By fitting nonlinear transmissibility curves to data, we evaluate a set of contain­
ers in terms of design characteristics known to relate to the dynamic response of container stacks. 

THEORY 

Basic Linear Theory 

The motion of the SDOF system mass of static weight P in Figure 1 is described by the second order ordi­
nary differential equation 

(1) 


where K is stiffness, y and x are disturbance and response displacement, respectively, D is damping, t time, P* 
generalized dynamic weight, and g gravitational acceleration. The equation is expressed in terms of weight instead 
of mass to agree with nomenclature that accounts for initial static deformation. Because the mass in Figure 1, 
if left unguided, would deviate from ideal rectilinear motion along some unpredictable path, we characterize its 
average response in terms of an equivalent guided SDOF system having an effective dynamic mass of generalized 
weight P*. The solution for the case when the system properties of K and D remain constant can be found in 
almost any text on vibration theory [3,9]. 
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The steady-state response of the system to a forced periodic base disturbance is characterized by transmis­
sibility as a function of forcing frequency f. The absolute transmissibility Tra is the ratio between the response 
amplitude and the disturbance amplitude. Knowing the form of Tra is useful in comparing theory with experimen­
tal data obtained by recording system input and output with respect to a stationary global reference. The relative 
transmissibility Trr is the ratio between the amplitude of the response minus the disturbance, and the disturbance 
amplitude. Knowing the form of Trr is useful when accounting for changes in material properties associated with 
the amplitude of cyclic deformation or rate of deformation. 

A system with linear restoring forces and linear viscous dissipation forces, subjected to the harmonic 
disturbance 

would transmit the disturbance into response according to the expressions 

and 

where X, Y, and Z are amplitudes of x (t ) ,  y (t), and x (t) - y (t), respectively. The “dots” denote differentiation. 
The equation for Y is useful when the disturbance is induced by a controlled acceleration of fixed amplitude in 
terms of a fraction G of gravity. 

The response characteristics are the system’s natural frequency fn and the fraction of critical damping. 
When the properties of K and D remain constant, fn and depend only on P*. The response characteristics 
would remain independent of changes in the disturbance amplitude. In the case of nonlinear systems, Equation 
(I) can at best be solved approximately. 

The method we propose is to treat a nonlinear system at each condition of fixed G and f as being equiva­
lent to a linear system whose properties depend on the static deformation resulting from P and on the average. 
dynamic deformation characterized by the undamped free vibration velocity amplitude Z* predicted by G and 
f. Transmissibilities Tra and Trr are predicted using Equations (3) and (4), respectively, where fn and are first 
equated to the nonlinear system characteristics fn* and respectively, given by 

(5) 

and 
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where K* and D* are expressions for the average nonlinear stiffness and damping, respectively. Under conditions 
where P* = P and Equations (5) and (6) reduce to expressions predicted by linear theory. 

Empirical Stiffness and Damping Formulas 

The transmissibility of our nonlinear system approaches that of a linear system as the forcing amplitude de­
creases; the case is called the zero amplitude condition. The nonlinear system response would depend on 
the system stiffness and damping resulting from initial deformation at static equilibrium. 

Because corrugated fiberboard is highly sensitive to loading rate, its load-deformation curve from a compres­
sive strength test is a poor predictor of stiffness. In addition, inelastic deformation of material around the horizon­
tal score-line of a container complicates establishing a practical origin of the curve for light loads. An undamped 
cyclic load-deformation curve can be more accurately predicted from the relationship between K and P. 

In previous research [8], the top-to-bottom stiffness of a corrugated fiberboard container was found to vary 
empirically with the compression caused by a static equilibrium load according to the formula 

(7) 

where IC, is the stiffness at the unit weight W per container. In a stack of containers, P becomes a multiple of 
W. Subscript w is used here to denote parameter values whenever P = W and therefore indicates the unit weight 
condition. 

Exact damping is difficult to characterize and is often found to be a combination of multiple mechanisms, 
sometimes interacting with stiffness. General systems with nonlinear damping have been reported to behave like 
systems with an equivalent linear viscous damping that decreases with an increasing forcing amplitude and also 
with increasing material stress [3]. Assuming that the same approximation can be applied to corrugated fiber­
board, we therefore characterize the damping in a corrugated container at low forcing amplitudes as being a P­
dependent or an equivalent IC-dependent viscous damping. 

(8) 

Given a stack of containers, positive exponents r and R would quantify the rates of increase in container stiff­
ness and damping, respectively, when moving from the top to bottom tiers of the stack. The values of K (P), Kw, 
D (P), and Dw so far discussed are considered to be linear properties at the zero amplitude condition. 

Applying Equation (5) to the case of linear conditions and incorporating Equation (7) yield the natural fre­
quency as a function of static load 
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where 

(10) 

is the natural frequency of the generalized unit weight, W*, system at the zero amplitude condition. Applying 
Equation (6) likewise and incorporating Equation (8) yield 

(11) 

where 

(12) 

is the fraction of critical damping in the generalized unit weight system at the zero amplitude condition. 

Increasing the steady state vibration forcing amplitude beneath a corrugated container system has been ob­
served to decrease resonant frequency and sometimes transmissibility [4,7]. To determine how K and D might fur­
ther depend on G, we first need to examine the force-deformation relationship predicted by Equation (7). 

Force-DeformationRelationship 

At an arbitrary state of container deformation z and corresponding restoring force Ps, Equation (7) predicts 
the container stiffness 

(13) 

Rearranging terms and integrating the result yield an equation that can be evaluated to determine the form of the 
function Ps (z). 

The relationship between Ps and z ,  shown in Figure 2 and given in Table 1, incorporates a reference state of zero 
deformation at Ps = W .  

When r > 0, the P s (z ) relationship exhibits a forever increasing slope. For comparison, Figure 2 also shows 
the form of a stiffening force-deformation curve. Stiffening and softening systems have been examined with re­
spect to odd function curves symmetric about the origin [3]. If the origin is repositioned at the point correspond­
ing to equilbrium deformation ze, the Ps (z ) curve behaves like a stiffening system when z > ze and like a softening 
system when z < ze. 
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Fig. 2 -Force-deformation curves (solid lines) predicted by Equation (7) for three levels of r with 

W = 200 N, Kw = 500 kN/m, and P/W = 3. A stiffening system (dashed line) is shown as an extension 

of the Ps (z) curve with r = 1. 


Table 1 -Determination of Ps (z) From Integral Expression 

259  




Table 2 -Determination of Es (z) From Integral Expression 

The elastic energy Es caused by deformation is determined with respect to a state of zero elastic energy at  
Ps = W from the expression 

(15) 

Equation (15) is evaluated in Table 2. 

Free Vibration Response 

Consider the motion of the mass between the positions of minimum deformation zi and maximum deforma­
tion zj about the static equilibrium deformation ze. The total potential energy Up in the system caused by elastic 
deformation plus work against gravity depends on z according to 

(16) 

At the top of its relatively upward stroke from static equilibrium to deformation zi, the system attains a state of 
energy equivalent to the size of the area Ui shown in Figure 3. A second state of energy, equivalent to the size of 
area U j, accumulates a t  the bottom of the relatively downward stroke at  deformation z j. The kinetic energy Uk in 
the system is given by 

(17) 


Consider next the motion of the mass during undamped free vibrations. The sum of system potential energy 
and kinetic energy remains constant such that 
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Fig. 3-Comparisonbetween areas Ui and Uj corresponding to potential energy in system at deformations 
zi and Zj, respectively, when W = 200 N, Kw = 500 kN/m, P/W = 3, and r = 1. 

(18) 

and 

(19) 

.
where Z* becomes the maximum undamped free vibration velocity of the nonlinear system. The motion of a non­
linear system will obviously be highly nonharmonic, yielding ze - zi zj - ze. However, the maximum velocity 
during the upward stroke and the maximum velocity during the downward stroke will remain equal. 

.
If the amplitude of the system is thus characterized in terms of Z*, then corresponding deformations zi and 

zj need to be determined. To do this, we first equate the combined sides of Equation (16) to zero to define 

(20) 

We then incorporate Equation (20) and its partial derivative within Newton’s algorithm for determining a 
root z, given Up. The result is 

(21) 
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.
Equation (21) is solved by updating zn until convergence. Given Z* and determining Up = Ui = Uj from Equation 
(19), an initial estimate of zn < ze will converge to zi. An initial estimate of zn > ze will converge to zj. 

The free vibration natural period p can be determined from the elapsed time between minimum and maxi­
mum deformations. Combining Equation (17) with Equation (18) and rearranging terms yield 

(22) 

Substituting Equation (16) into the result and again rearranging terms lead to an expression for the differential 
elapsed time dt during the undamped free vibration. 

(23) 

Here fw is given by Equation (10) and 

(24) 

Integrating both sides of Equation (23) between the limits corresponding to the initial and final conditions of time 
and deformation over a half-cycle of free vibration yields the system natural half-period. The system natural .
period is thus expressed as a function of Z* by writing 

(25) 

where the integration limits zi and zj are determined using Equation (21). 

The function Q1(z) needs to be integrated numericilly after substituting the terms from Table 2 into Equa­
tion (24). Function Q1(z) becomes singular at the integration limits. However, the function can still be integrated 
by applying an adaptive quadrature algorithm and weighting function [10]. The result is 

(26) 

where 

(27) 

The nonlinear system natural frequency fn* is thus calculated from 

(28) 
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.
Fig. 4 -Plots of frequency ratio fn* / fn as a function of Z* for four levels of r with W = 200 N, 
Kw = 500 kN/m, and P/W = 3. 

.
Figure 4 illustrates how the frequency ratio f n*/ fn depends on Z* for various levels of r. The knees in the curves .
with r < 1 occur at the z contraints of the Ps (z) curves (Table l), below which Ps = 0. As Z* approaches zero, 
the value of f n* predicted by Equation (28) converges to the prediction by Equation (9). From Equation (24), it is . 
seen that the nonlinear system value of Q1 cannot be determined when Z* = 0 and z = zi using Equation (26). 
However, equating Equations (9) and (28) yields 

(29) 

Forced Vibration Response 

.
Stiffness continuously changes with deformation. An average value of K* (P, Z*) can be determined from the 

stiffness of an equivalent linear system subjected to a precompression P and having an equal natural frequency f n* . 

(30) 

We next incorporate the damping relationship at the zero amplitude condition proposed in Equation (8) to ex-.
amine its application to higher velocity amplitude levels. Ne therefore estimate an average value of D* (P, Z*) in 
terms of the corresponding stiffness K*. 
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(31) 


An average is thus given by Equation (6). 

Consider now the damped system subjected to a forced periodic base disturbance characterized by Equation.
(2). Differentiating Equation (2) with respect to time yields the velocity amplitude Y of the forcing disturbance in 
terms of a fixed G and f. 

(32) 

Substituting Equation (32) into Equation (4) gives an expression for predicting the forced relative velocity re­
sponse of a linear system in terms of constant system characteristics. 

(33) 

To predict the response of a nonlinear system whose forced response characteristics depend on system input 
at G and f, we treat the system as being equivalent to a linear system having equal free vibration response char­
acteristics, such that 

(34) 

Combining Equations (33) and (34) produces an equation whose roots correspond to an approximate velocity am­
plitude of the nonlinear system. 

(35) 

The roots must also satisfy Equations (5) and (6), using Equations (28), (30), and (31), and thus yield unique sys­
tem response characteristics for each fixed G and f. The form of Equation (35) and the multiple roots that might 
occur are shown in Figure 5. Given f n* and as functions of G and f, the nonlinear transmissibilities Tra* and 
Trr* are thus defined in terms of equivalent expressions for a linear system from 

(36) 

and 

(37) 
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Fig. 5 -Plots of Q2 versus 
.
Z* for two levels of G and f with W = 200 N, Kw = 500 kN/m, P/W = 3, 

r = 1, R = 1, and = 0.1. 

Examples of Equation (36) are plotted in Figure 6. The higher roots of Equation (35) that correspond to 
physically unattainable conditions are rejected. The case shown for G = 0.5 behaves like a softening system and 
exhibits the classical unstable frequency region and jump phenomenon. 

TEST PROCEDURE 

Material 

Seven replicated sets of regular slotted-style boxes having scored and folded interior end-pads and fabri­
cated according to the 23 full-factorial combinations of two flute constructions, two box sizes, and two end-pad 
clearances were evaluated. Boxes were fabricated from material of either nominal 1.4-GPa (200-lb/in2) burst­
ing strength B-flute single-wall or 2.4-GPa (350-lb/in2) bursting strength BC-flute double-wall corrugated fiber­
board construction. The exterior box dimensions were fixed at either nominally 305 mm long by 215 mm wide by 
215 mm high or 430 by 305 by 215 mm. The purpose was to provide boxes that could be internested and stacked 
for an anticipated future study. 

End pads of 1.4-GPa C-flute material were fabricated to a height, with respect to the interior depth dimen­
sion of each box grade, to produce two levels of load sharing with the box (Fig. 7). A pair of zero-clearance end-
pads contributed to a state of continuous load sharing with the box. An alternate pair of end-pads, cut 4.7 mm 
shorter, contributed an intermittent load sharing, depend ng on the box load. 

All materials were preconditioned in a dry environment below 30 percent relative humidity (RH), then 
conditioned and tested under standard conditions of 23°C (73°F) and 50 percent RH. The top-to-bottom 
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Fig. 6-Plotof absolute transmissibility as a function of forcing frequency predicted by Equation (36) for two lev­
els of G. The points correspond to roots of the Q2 function (Equation (35)). The lines are physically attainable 
transmissibility curves occurring during increasing frequencies (up arrow) or decreasing frequencies (down arrow). 
W = 200 N, Kw = 500 kN/m, P/W = 3, r = 1, R = 1, and = 0.1. 

compression strengths of the empty boxes without end pads, based on an average of five samples, were nominal 
305-mm B-flute, 3.35 kN; nominal 430-mm B-flute, 3.91 kN; nominal 305-mm BC-flute, 6.36 kN; and nominal 430­
mm BC-flute, 8.38 kN. 

Test Conditions 

Each box with end pads of the factorial combinations comprised the spring element of a spring-mass system 
subjected to a sinusoidal, swept frequency, forced vibration (Fig. 8). Each spring element specimen was subjected 
to nine test conditions: top loading at three levels of an imposed mass combined with three levels of a constant 
forcing acceleration amplitude. 

Top loads of 294, 516, and 739 N were used with the nominal 305-mm-long boxes, and top loads of 418, 743, 
and 1,070 N with the nominal 430-mm-long boxes. These load levels were selected to achieve an overall compro­
mise involving box strength, induced stiffness nonlinearity, and end pad load sharing considerations and to ap­
proximate the same relative load per perimeter between the two box sizes. 

The forcing vibration was a controlled acceleration wave having a constant zero-to-peak amplitude of either 
1/16, 1/8, or 1/4 g. The upper G-level was chosen so as not to induce a repetitive bouncing action. Seven repli­
cates of the 23 experimental design, with each element subjected to nine test conditions, yielded 504 experimental 
transmissibility curves for comparison with our theory. 
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Fig. 7 -View of box specimen interior showing relative height difference between two end-pads. (M88 0262-15) 

Vibration Wave 

Each spring-mass system was positioned unrestrained upon the previously described force plate system [11], 
which was vibrated by an electrohydraulic vibration table. In this forced disturbance system, the controlled accel­
eration of the force plate becomes the input and the specimen reaction force sensed by the force plate becomes the 
output. The force plate system design is such that the forces resulting from plate static weight and plate inertial 
acceleration are subtracted out. 

The input vibration was a constant amplitude acceleration with the frequency sweeping between 10 and 
30 Hz at the logarithmic rate of 0.1 decade per second (4.7 s per sweep half-period). To streamline the analysis 
and to work with only the lowest root of Q2 in matching predicted transmissibility curves with data, we used data 
from only the increasing sweep. 

Data Acquisition and Vibration Control 

Data were acquired using a unique software system to simultaneously control the force plate vibration and 
record its induced acceleration and responding reaction force. A calibrated open loop control system was achieved 
by exporting a mathematically generated time sequence of digitized voltage values; i.e., a control signal, through 
a microcomputer digital to analogue conversion hardware, which made the microcomputer perform like a function 
generator. At the same time, the force plate acceleration and reaction force signals were imported through the 
microcomputer analogue to  digital hardware and recorded in digital format. 
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Fig. 8 -Test specimen loaded on force plate arid functioning as spring component in SDOF system. (M90 0008-4) 

The control signal was compared with the force plate acceleration and then amplified or attenuated as 
needed until a swept frequency signal of finite duration could be exported, with the result being a swept frequency 
force plate acceleration having a constant amplitude. The acceleration and force signals were left unfiltered. To 
overcome the interference caused by noisy signals and to characterize a nonharmonic signal amplitude, the root 

tiplied 
mean square (RMS) amplitude of each sweeping sinusoid of the swept sine signals were first calculated, then mul­

by to determine the equivalent noise-free sinusoidal amplitude at each frequency. Data a t  each load 
level P in the form of force plate acceleration amplitude G and specimen reaction force amplitude F ,  at each in­
stantaneous forcing frequency f, were retained for generation and analysis of the transmissibility curves. 

The advantage of using a single software system for simultaneous electrohydraulic system control and data 
acquisition is that the exact time and frequency characteristics of the control signal are known as a reference for 
making calculations with the acceleration and force data,  
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RESULTS 


Fit of Theoretical Transmissibility Curves to Experimental Data 

Zero amplitude, unit weight system characteristics fw and , unit dynamic weight W*, and material prop­
erties r and R of each flute construction, box size, and end-pad clearance combination were determined by fitting 
theoretical transmissibility curves to data. Data comprising the three P-levels and three G-levels were pooled to 
characterize each replicated specimen. Experimental observations P, G, F, and f provided input to the regression 
formula 

(38) 

derived by equating Equation (3) to (36) and multiplying through by P*. With the given fw, , and W*, the 
zero-amplitude, unit weight material properties Kw and Dw are calculated from the expressions 

(39) 

and 

(40) 

The five-parameter Equation (38) was found to work well in a nonlinear regression program provided that 
good initial estimates of its parameters are supplied. This required the division of each data set into subsets, bro­
ken down by P, for each of which K (P), D (P), and P* could be determined, assuming linear behavior at r = 0 
and R = 0. Fitting Equations (7) and (8) to the results of the subset analysis yielded initial estimates of nonlinear 
stiffness properties Kw and r, and nonlinear damping properties Dw and R, respectively. Finally, initial estimates 
of fw and were determined using Equations (10) and (11), respectively. 

Corrugated Container Properties 

The results of the replicate regression analyses are given in Table 3. To compare all materials at an equal 
load level, zero amplitude values of f n, , K, and D are given at P = 194 N, a load found to maximize the ob­
served score-line phenomenon with respect to box size. The system characteristics and material property data 
were averaged and subjected to the usual methods of facto rial analysis to identify significant effects and interac­
tions among the experimental variables. Figure 9 shows variation in stiffness. Based on main effects, the weaker 
B-flute construction yielded significantly stiffer boxes, implying that material deformation around the horizontal 
score-line has a greater effect on box compression stiffness than does panel flexural stiffness. However, a general 
statement about the effect of flute construction on stiffness needs to address the interaction with box size. 

Single-wall [12] and double-wall [13] box compression theories predict that the perimeter ratio between the 
430-mm boxes and the 305-mm boxes of approximately should yield a strength ratio of approximately 1.18, 
compared to our experimentally determined strength ratios of 1.17 for the B-flute construction and 1.32 for the 
BC-flute construction. At the 194-N load level, the ratio of average 430-mm box stiffness to average 305-mm box 
stiffness (Fig. 9) becomes thereby predicting the load at which score-line behavior becomes most pronounced. 
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Table 3 -Response Characteristics and System Properties at 194-N Load Level 
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Table 3-ResponseCharacteristics and System Properties at 194-N Load Level-con. 

The flute-size subset averages show that as opposed to the trend observed for strength, the B-flute boxes became 
stiffer with increasing size to a greater extent than did the BC-flute boxes. General strength observations cannot 
be relied upon to predict the effect of design characteristics on stiffness. 

As expected, the zero clearance end-pads yielded stiffer boxes than did the 4.7-mm shorter pads as a result 
of initial load sharing (Fig. 9). However, as shown by the size-clearance subset averages, end-pad clearance was 
found to increase the zero amplitude compression stiffness of the 430-mm box significantly more than that of the 
305-mm box. Evaluation of the r-levels provides an explanation for this effect. 

Figure 10 shows how the material property r was found to depend on the experimental design variables. The 
4.7-mm clearance end-pads induced a higher r-level. The shorter end-pads shared the box compressive load at 
high loads, but not at low loads. The flute-clearance subset averages show that end-pad clearance had a greater 
effect on r for the BC-flute construction material than for the B-flute material. This is consistent with the pre­
vious observation that box compression stiffness results primarily from a score-line phenomenon. The correlation 
between r and K (P) predicted at the low load level of P = 10 N, where the correlation is more readily appar­
ent, is further shown in Figure 11. As inferred from a higher r-level in Figure 10, the 305-mm boxes stiffened with 
loading at a inherently higher rate than did the 430-mm boxes. The data in Figure 11 indicate a general decrease 
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Fig. 9 -Comparison of 194-N load stiffness K (Table 3) with subset averages resulting from main effects 
(B- or BC-flute material, 305- or 430-mm box length, and 4.7-mm or 0 end-pad clearance) of experimental 
design and subset averages resulting from two-way interactions. 

in r with increasing K and imply that at low loads, a step increase in r resulting from designing a clearance into 
the end pads is accompanied by a proportional relative reduction in K. 

Damping properties were found to be more variable than stiffness properties and less sensitive to the effects 
of the experimental variables. When given an average R = 1.061 and an average r = 1.082, it is seen from Equa­
tion (11) that the damping ratio p has little dependence on P. Interestingly, our results yielded an average con­
stant p = 0.15 independent of any effects from the experimental variables and applicable to arbitrary load levels. 

The generalized dynamic weight is given in Table 3 as a dimensionless ratio with respect to the W-level of 
each test. The effective dynamic weight of each mass following our experimental procedure was found to equal an 
average of 84 percent, of its static weight. The data indicate a dependence on specimen flute construction and con­
sequently the system resonant frequency. This could have resulted from a data analysis bias resulting from BC­
flute specimen resonant frequencies occurring near the upper 30-Hz end of our frequency sweep. 

CONCLUSIONS 

A nonlinear theory of forced vibration response has been developed and applied to corrugated fiberboard 
containers loaded in top-to-bottom cyclic compression. The container response at arbitrary precompression load 
levels and harmonic forcing accelerations was shown to depend on material stiffness, damping, and the respec­
tive rates of load-dependent change. Physical constant: characterizing various container designs were determined 
by matching theoretical softening system transmissibility curves to data acquired using a force plate excitation-
response system. Favorable or detrimental response characteristics of container stacks can be inferred from the 
nonlinear material properties of individual containers a id the property interactions. 

The results of previous linear MDOF theory applied to corrugated container stacks predicted the physical 
properties of individual containers to which the stack response is most sensitive. Given fixed interior cushioning 
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Fig. 10-Comparisonofstiffness rate increase exponent r (Table 3) with subset averages resulting from main ef­
fects of experimental design and subset averages resulting %om the two-way interactions. 

Fig. 11 -Comparison between r and K predicted at the 10-N load level from data between 294-N and 
1070-N load levels. 

properties, vibration-sensitive products would favor low stiffness boxes. Vibration resistant products can take ad­
vantage of stiff boxes, thereby permitting lower grade containers. The force-deformation response of corrugated 
containers is highly nonlinear. General products can benefit from container designs that further exaggerate the 
nonlinear response, reduce product acceleration levels, and reduce stack compressive loads. 

273 



The experimental method presented here shows how to characterize individual contarinets. The results im­
ply how to favorably alter the container design. Single wall corrugated fiberboard construction was shown to yield 
stiffer boxes than did double-wall construction as a result of suspected inelastic material behavior around the hor­
izontal score-line. Load sharing between the outer box and interior packaging can further stiffen the container. 
Our study shows how providing a clearance between interior end-pads and the container is one way to control the 
onset of load sharing and increase the force-deformation nonlinearity. However, in our case, the expected benefits 
from the end-pad clearance need to be evaluated with the corresponding reduction in stiffness and the interaction 
with box size. 

This study is being extended to characterize the response of container stacks. Our objectives are to improve 
testing methods and to gain a better understanding of vibration protection. 
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