LATERAL STABILITY OF BEAMS WITH ELASTIC
END RESTRAINTS

By John J. Zahn,: M. ASCE

ABsSTRACT: In the analysis of the lateral buckling of simply supported beams,
the ends are assumed to be rigidly restrained against tip. Real supports are, of
course, never perfectly rigid. This report examines the relation of the stiffness
of the end axial rotation restraint to the buckling load when the stabilizing effect
of an attached deck is taken into account. For the case of uniform load, it is
found that as the restraint stiffness approaches zero, the buckling load also
approaches zero. This has implications in the design of large roof systems where
end restraint on one member is provided by the torsional rigidity of another
member connected in-line. Families of design curves are presented which show
the effects of restraint stiffness, span-depth ratio, and shear stiffness of at-
tached roof deck. It is concluded that periodic bracing against axial rotation is
essential for stability of long roof systems with several beams spliced together
in-line.

INTRODUCTION

This paper analyzes the effect of elastic end axial-rotation (tip) restraint
upon the buckling load of simply supported beams with shear stiffness
of an attached deck taken into account. The deck is assumed to be
“hinged” to the top edge of the beam, so that only its in-plane shear
stiffness resists buckling.

In the design of large flat roof systems it is quite common for one
beam of the system to be simply supported by adjacent beams connected
in-line. The center member in Fig. 1 is an example. In analyzing the
lateral stability of the center member the question arises as to whether
its ends are prevented from tipping as was assumed in deriving the for-
mula for the lateral buckling load of a “simply supported” beam. Ob-
viously the tip restraint at a shear connection is elastic rather than rigid.
If the only rigid tip restraint in the system in Fig. 1 is provided at the
outer walls then the torsional rigidity of the outer beams determines the
elasticity of the tip restraint (rotational stiffness of the support) at the
shear connection. This restraint stiffness could in some cases be rather
small.

Flint (1) recommended a simple linear reduction factor on the buckling
load when the ends are only elastically restrained against axial rotation.
However, his formula is only accurate for very stiff restraints and thus
not suited to the analysis of long roof systems considered here. Trahair
(3) treated the title problem in a more general context of various end
conditions. However, his analysis did not include the stabilizing effect
of an attached deck which is a major consideration in many roof sys-
tems, especially wood roofs.
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FIG. |.—Flat Roof System With Rigid Tip Restraints at End Walls. Center Beam
is Restrained Against Tip by Sheer Connections to Outer Beams (M152046)
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FIG. 2.-Simply Supported Beam-and-Deck System. Ends are Elastically Re-
strained Against Tip (M145355)
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FIG. 3.-Sketch of Beam-and-Deck System (M152046)
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DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS

The system to be analyzed is shown in Fig. 2. By symmetry we need
to treat only the right half. Following earlier work (4,5), the total energy
of the system is

L[ (dw) dg\* _ dw; + w) d[M(B; + B)]
U’EL {EI”<E?> +GK<E£) T2 T dx

) ‘
+ SGD[-;; (w + cB)] - pc[(B; + B)* - B?]} dx + %RB% ............... (1)

in which El, = lateral flexural rigidity; GK = torsional rigidity; w = lateral
displacement of neutral axis due to load; b = angle of twist due to load,;
w; , b; = initial deformations; b, = rotation of elastic tip restraint at ends;
M = internal bending moment about z-axis; S = spacing between beams
in roof system (i.e., width of deck associated with one beam), see Fig.
3; Gp = in-plane shear rigidity of deck (force per unit length of edge); c
= distance from shear center to top edge of beam; p = downward dis-
tributed load (force per unit length); L = half-length of beam; and R =
stiffness of elastic tip restraint (torque per angle). This expression fol-
lows Refs. 4 and 5 except that the last term is added here to account for
the energy stored in the elastic tip restraints. A condition of equilibrium
may be invoked by requiring the first variation of U to vanish. This step
yields the following:

Differential Equations

d*w
Elyd—;: = —M@Bi+B)+SGpW+PB)+Crx+Cy +-vvvvrerenanennn (2
d? d¥(w; + w) d*w
+ SGpc?) — =M ———— - SGpc — - itB)
(GK pc?) o 0 SGpc i pc(Bi + B) 3)

in which C, and C, are constants of integration.

Boundary Conditions at x = 0

il = 0 oot 4)
dw _dw
= = 0 5
dx?  dx ®)
s dw dB) d
-GK—-SGpc|—+c— )+ M—(w; + =0...........
{ I SGpc ( il M T (w w)} =0 (6)
Boundary Conditionsatx = L
CiB0 = 0 . ©)
dw _dw
= = 0
dx? dx (®)



| dg dw  dB d -
{GK2;+SGDC(E+Cdx) —Md—x(w,»+w)+RB} 8? 0.......... 9)

in which d denotes the first variation.

APPLICATION TO SpPecCIFIC CASES

We shall consider three cases, all simply supported and with elastic
torsion restraints at the ends: (1) Constant bending moment— zero initial
deformations; (2) constant bending moment—nonzero initial deforma-
tions; (3) uniform load — zero initial deformations. We shall see that the
elasticity of the tip restraints has no effect on the buckling load in Cases
1 and 2, but reduces the buckling load in Case 3.

Case 1. Constant Bending Moment-Zero Initial Deformations.—In
this case the differential Eqs. 2 and 3 become

dz
El, E—;"z’ = —(M = SGpc) B+ SGpw+ Cx+Cy oo (10)
d? d*w
(GK + SGDQZ) -c-i—x-; = (M - SGpc) ST (11)

where M is the constant bending moment, and the boundary conditions,
Egs. 4-9, become

C1=0 ......................................................... (12)
d

B0 at Xm0 oo (13)
dx

d

-P-=0 at x =0 .. (14)
dx

w=0 at x=L ... (15)
d*w

2;—2-=0 at x=L (16)
' d d
(GK+SGDCZ)E-E—(M—SGDC)E}’+RB=O at x=L ........... (17)

The solution of this boundary value problem which satisfies every con-
dition except Eg. 16 is

W=A0SAX = COSAL) . ... .. . (18)
M - SGpc | R
= —A - 2 sin AL = ——— L]...... 19
B GK+ SC.& (cosxx sin GK + SC.& cos )\L) (19)
in which A is an integration constant, and
: - 2
2 MZSCoy _SGo (20)

EI(GK + SGpc®)  El,
Eg. 16 can be satisfied by setting
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™
cosAL =0, thatis N=— .. ... ... .. .. i, 21
atis oL (21)

which vyields

2
M, = SGpc = \/ (GK + SGDCZ)<‘_;_;‘_2 EI, + SGD) ................... (22)

the same critical buckling load as in the case where the ends are rigidity
restrained against tip. This result seems unrealistic. Should not in-
creased flexibility lower the buckling load? Perhaps the reason it does
not is that the theoretical model assumes the member to be initially per-
fectly straight—an unrealistic assumption that may prevent the mathe-
matical model from ever “seeing” the stiffness of the end restraints, Ac-
cordingly, we consider a case in which the beam has initial deformations.

Case 2. Constant Bending Moment—Nonzero Initial Deformations.—
The initial deformations are, for simplicity of analysis, assumed to have
the same form as the eigenfunction:

X
; = A e
w cos = (23)
199
i = B e i e e e e e e e e e et e e 24
B cos oL (24)
The differential Egs. 2 and 3 become
d*w
EL, == + (M ~ 5Goc) B ~ SGpw = ~MB coszz% FCx+ G (25)
(GK + SGpc?) B _ M - SG c)‘-i—22 o MAT s ™ (26)
D dxz D dxz 4L2 Cos 2L .............

with the same boundary conditions as Case 1 except that Eq. 17 is re-
placed by

d d
(GK+sc,,cz);g—(M—scoc)£+MA§£+RB=o at x=L ... (27)

The solution of this boundary value problem is

2

g C ........................ 28

= B cos — — A
B 2L T GK + SG.@  apne (€08

[MA+ M - SGpe) A= (GK+SGpc))B) ..o (29)

X — €OS )\L)
k1)

2R

in which 12 is the same as in Case 1 (see Eg. 20) and

Amp M- 5Co)A+ (GK+SGc)B (30)

El, (GK + SGpc?) (f; - v)
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(3-'— El, + sc,,) A+ (M- SGpo)B

~\4L?
B=M. e (31)
n
| EI,(GK + SGDc’)(ZZ; - )3)
Note the following:
(@) W, B (32)

so that the deflections approach infinity as A approaches p/2L the same
eigenvalue found in Case 1.

(b) The elastically restrained ends rotate under load no matter how
small the load or how large the restraint stiffness. This is seen in the
fact that

M (quadratic in M)
at x=L, Bx—- T T S
K Mo
4L?

This behavior is sketched in Fig. 4 which incorporates Cases 1 and 2.
It is clear that even though the mathematical model now explicitly dis-
plays the effect of the end restraint stiffness, R, the critical buckling load
is still independent of R. In fact, it is now evident that whenever the
differential Egs. 2 and 3 have constant coefficients, the critical load will

r/A, 8=0 (Case I.)
Mer

A, B#0; R large

A, 8B#0; R small

© | B

FIG. 4.-Diagrammatic Sketch of Relationship Between Load and End Rotation
Given by Eg. 31. M, Corresponds to I = p/2L. R is End Restraint Stiffness; A
and B are Amplitudes of Initial Deformations (M152047)
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depend only on those coefficients. The constraint stiffness, R, enters the
problem only through the boundary condition, Eq. 9. These two cases
raise the question of whether R can ever exert a strong influence on the
critical load. The answer is yes, provided the differential equation has
variable coefficients as it will whenever the bending moment is a function
of x. The next case illustrates this.

Case 3. Uniform Load-Zero Initial Deformation.-Under a uni-
formly distributed load, the bending moment is

b ¢ '|EI, w v=p GK ¢ X
=— — w=— W= _— =-
L VGK L El, L
1 L
5P 2
9= 2 = SGol = EL- .......................... (35)

VCKREL | E, 176k

and let a prime denote differentiation with respect to x. In the absence
of initial deformations, differential Eqs. 2 and 3 then become

0 =10-[01 =)= 1dJU+CE+Ca oot (36)
(1+10)B" = =200y + [0(1 - ) —1d]o" ... (37)
and the boundary conditions, Eqgs. 4 through 9, become

=0 (38)
W0 =0 (39)
B0 = 0 (40)
W = 0 e (41)
O =0 (42)
Q+1)Yi+1d0] +qUh =0 ... (43)

where subscript one on w or y denotes evaluation at x = 1 and subscript
zero denotes evaluation at x = 0. Eg. 38 eliminates one integration con-
stant. Eq. 42 shows that C, does not vanish. Eqgs. 39 and 40 can be sat-
isfied by taking o and $ even in x. Thus, the form of solution must
contain C, and two other integration constants, say a, and b,. We as-
sume a power series in x and Q:

© = 2933 Ay 07" + bySE B,y 0" + CuSSEn 0™ ... ... (44)

B = g3 Cpn 0™ + bySZ Dy 8" + C,EZEF,, 0™ ... ..., (45)

The three boundary condition Eqs. 41, 42, and 43 then show that the
integration constants a,, b,, and C, must all be zero unless the load
parameter g assumes a critical value such that the determinant of the
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FIG. 5.-Dependence of Eigenvalue q © (1/2) pL3GKEI, on q © RL/GK. L = 1/2
Length, R = Stiffness of End Tip Restraints. tis a Deck Stiffness Parameter (See,

Eq. 33) (M145363)

coefficients of these three equations vanishes. This determinant depends
on the load parameter q and its roots are the eigenvalues of the system.

A digital computer was employed to carry out the following program:
(a) generate arrays A,. through F,, using recursion relations obtained
from the differential Egs. 36 and 37; and (b) choose g by trial such that
the determinant of the coefficients of a,, b,, and C, in Egs. 41, 42, and
43 vanishes.

Some results of this program are shown in Fig. 5. They agree with
Ref. 4 when g = ¥ and the values at t = ¢ agree with those found by
Trahair (3). It is seen that the buckling parameter g, depends strongly
upon ¢, the end restraint stiffness parameter. This result has serious im-
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plications for the design of systems in which a beam is simply supported
by adjacent in-line beams whose torsional rigidities provide elastic tip
restraints at the points of support, as will be shown by the following
example.

ILLUSTRATIVE EXAMPLE

Consider the system shown in Fig. 6, in which a uniformly loaded
center beam is supported by shear splices to cantilever beams in-line at
each end. This example is somewhat less realistic than the system of
Fig. 1, but it has the advantage of being completely analyzable by known

Shear co?nections

p
g p

= 2 X X = Deck
z -
Do — 2L A 7/
/ Z
7

FIG. 6.—Uniformly Loaded Beam-and-Deck Supported by Cantilevers In-Line at
Each End (M152048)

Equation (55)

247 — = - — — — From Figure 5 (T=20)
| (¢=.05)
|
|
|
|
|

| I
o 0.70 q

FIG. 7.—Superposition of Eq. 550nto Fig. 5 Yields the Solution for gand q (M152049)
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results and will provide insight into other cases as well.

We shall calculate the lateral buckling load of the center member. At
first we neglect the effect of the load upon the effective torsional rigidity
of the outer cantilevers. Then the restraint stiffness is simply

R—( GK ) 48
1ength/ queepean | (46)
and the torsion restraint parameter, g, is

half length)
g=R{\—————} e 47
q < GK center beam ( )

because the center beam is twice as long as the outer ones and all beams
have the same material and cross section.

Let us assume that the deck stiffness parameter t and depth-to-span
parameter T have been calculated from their definitions (Eq. 35) to be

=205 b= 0.05. (48)

If the center member were treated as simply supported with ends per-
fectly restrained against tip, the critical value of the load parameter, q,
would be (3)

B = 546 L (49)

However, the ends are only elastically restrained against tip. Using the
value g = 2 calculated previously, Fig. 5 of this report yields

The effect of load upon the torsional rigidity of the outer cantilevers
should not be neglected, however. This effect will now be considered.

The effective torsional rigidity of a beam is reduced by the presence
of a primary bending load and vanishes when the primary bending load
reaches the critical lateral buckling value (6). Whereas Ref. 6 shows that
the actual reduction of stiffness is parabolic [i.e., proportional to 1 - (P/
P.)?] a simpler and more conservative design procedure would be to
use a linear reduction factor. Then one would say

(%)= (B)(-5)
L / ettective - 3 P) s (51)

In this example the primary bending load on the outer cantilevers is due
to an end load of

P =L (52)
The critical value of P (from Fig. 9 of Ref. 1) is:

VGKEI,
P.=7.6 [T (53)

Thus the torsional stiffness reduction factor in Eq. 51 is
(1 - f—) = (1 - EE) = (1 - w) by definition of g
P, P, P.L?
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Eq. 55 and Fig. 5 now form a pair of simultaneous conditions which
determine g and g. Fig. 7 reproduces one line from Fig. 5 and adds the
straight line defined by Eq. 55. The point of intersection is at

0,=247;, g=0.70 .. . ... (56)

Note that g has been reduced from 2 to 0.70; the effect of load upon
torsional rigidity is far from negligible.

Thus, the critical value of the load parameter is reduced from q. =
5.47 with rigid tip restraints to q. = 2.47 when the tip restraints are
provided by supporting adjacent cantilevers in-line in this example.

REvVIEW OF RESULTS

It is seen that interior members of long roof systems are far less stable
than elementary theory would predict. This can be attributed to the elas-
ticity of their end rotation restraints.

In view of this, a designer should specify bracing members at con-
venient locations and use the torsional rigidity of adjacent in-line beams
with the reduction factor of Eq. 51 to conservatively estimate the stiff-
ness, R, of end torsion restraints on interior beams not directly re-
strained by bracing. It cannot be emphasized too strongly that elemen-
tary theory cannot be relied upon to check the stability of such interior
members. The preceding example shows that it could yield a buckling
load that is two or three times too high, even when the effect of attached
decking is taken into account, as in Ref. 4. The preceding example strongly
suggests that when several beams are shear-spliced together and sup-
ported by interior columns, the designer should provide periodic re-
straints against axial rotation. In the absence of such restraints the beams
behave like one very long—and potentially unstable —member. The log-
ical place to locate such restraints is at the column supports where the
bending moment is negative and the deck is attached to the tension edge
of the beam.
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APPENDIX |l.— NOTATION

The following symbols are used in this paper:

A

A B

ao , bo

| A B
A,y through F,,
Cl ’ CZ

(of

EI,

Gp

GK
L
M
P

NETun Naw

X
=

4 > oW

¢I W, \bf §; 01

€ ’G'G-l.r;vcb

integration constant in Case 1;

amplitudes of initial deformations in Case 2;
integration constants;

see EQs. 28 and 29;

series coefficients, see Eqgs. 42 and 43;

integration constants;

distance from shear center to top edge of beam;
lateral flexural rigidity;

in-plane shear rigidity of deck (force per unit length
of edge);

torsional rigidity;

length or half-length of beam;

internal bending moment about z-axis;
downward end load on cantilever (force), see Eq.
51;

downward distributed load (force per unit length);
tip restraint parameter, see Eq. 33;

stiffness of elastic tip restraint (torque per unit an-
gle);

spacing between beams;

total potential energy;

lateral displacement of neutral axis due to load;
coordinate axes, see Fig. 2;

angle of twist due to load;

denotes first variation;

see Eq. 20;

nondimensional parameters defined by Eqg. 35;
load parameter;

nondimensional axial coordinate;

deck shear stiffness parameter;

depth-to-span parameter;

re-scaled angle of twist; and

nondimensional lateral displacement.
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