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WITH CUSHIONS AND NON-LOAD-BEARING CONTENTS 
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Forest Products Laboratory,* Forest Service 


U.S. Department, of Agriculture 


The use of hardwood and recycled fiber will no doubt increase as 
specifications for corrugated fiberboard containers change from material 
to performance standards. 
this use by reducing the strength requirements of containers shipped in 
unitized loads. The rate of container deformation with top loading and 
the compliance of internal packing material or cushions are newly identi­
fied variables governing the compression of bottom containers. 

This report shows another way to accelerate 

Unitized containers need strength beyond the warehouse stacking 
requirements to support dynamic loads during shipping. The spring rates 
of top-loaded containers and internal cushions amplify the weight force 
of a unitized load during transportation. 
with top-loading of corrugated Containers causes increasingly higher 
spring rates with a subsequent effect on dynamic loads. Cushions or 
internal packing provide a natural ability to absorb vibrations to 
adegree, depending on their spring rates relative to the containers'. 

The progressive deformation 

Over-the-road shipping vibrations encompass the natural frequencies 
of most unitized loads and dynamically load the bottom containers. A 
worst case assessment calculates the maximum load on the bottom tier, 
expected during truck transportation. 
ratio and the rate of increasing container spring rates with top-loading 
are the primary variables determining dynamic loads. 

The cushion-to-container spring 

NOMENCLATURE 


Total compressive loading factor 


Critical damping coefficient of 

element i 


Damping coefficient of element i 


Damping matrix 

Partition of damping matrix 


Cushion-to-container spring ratio 

Natural frequency factor 

Lowest natural frequency factor 


Gravitational constant 

Identity matrix 

Element number in spring-mass model 

Imaginary unit 

Cushion spring rate 


Bottom container spring rate 


"Maintainedat Madison, Wis., in 

cooperation with the University of 

Wisconsin. 


Container spring rate in tier n 


Container spring rate with top load P 


Container spring rate with top load W 


Container spring rate with unit top load 


Stiffness coefficient of element i 


Mass matrix 

Unit mass 

Mass of element i 


Number of mass elements 

Tier number 

Top load 

Dynamic compressive load 


A matrix of stiffness coefficients 

A matrix of stiffness coefficients 

Exponent in spring rate formula 

Stiffness matrix 

Condensed stiffness matrix 


Partition of stiffness matrix 


Unit weight per container 

Response vector 
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Displacement of element N+1 


Acceleration of element N+1 


Disturbance vector 

Partition of disturbance vector 

Displacement disturbance 

Acceleration disturbance 

Damping ratio 

Natural frequency 

Lowest natural frequency 


Zero matrix 

Zero vector 


INTRODUCTION 


One problem with designing corrugated 

fiberboard containers is determining an ade­

quate load carrying ability. The top-to­

bottom compressive strength measured in a lab­

oratory test is the upper limit of strength 

expected under only the most favorable condi­

tions. The problem of comparing this strength 

to the anticipated dynamic load becomes par­

ticularly relevant when containers are shipped 

in unitized loads. While the additive weight 

of the upper containers is obvious, it is not 

always apparent how to treat the effects of 

over-the-road vibrations. 


Unitized containers need extra strength 

beyond the warehouse stacking requirements to 

support dynamic loads during shipping. One 

of the surest methods for assessing adequate 

strength is the ASTM Vibration Test [l]. How­

ever, being empirical, its application is a 

trial and error search for a unitized load that 

survives the test. 


An analysis can speed up the search, and 

one of the earliest is that by Godshall [2].

Godshall treated corrugated containers as 

spring-mass systems, and determined which char­

acteristics would predict their response to 

transportation vibrations. He used repeated 

loading compression tests to measure the spring 

rates of top-loaded containers. Later vibra­

tion experiments by Godshall [3] confirmed the 

effectiveness of these tests. A primary

finding was that corrugated-container systems 

will likely resonate during shipping with de­

structive compressive forces limited primarily 

by material damping, empirically determined to 

be 0.115 times the critical damping value. 


With machines where changing damping is 

impracticable, engineers have attached vibra­

tion absorbers to stabilize their motion. 

Analogously, it makes sense that cushions with­

in containers can reduce unit load vibrations. 

Hatae [4] gives a comprehensive treatment of 

the mechanics of package cushions. Godshall 

[5] applied these concepts to corrugated pads 

and compared spring rates determined from re­

peated loading tests with values calculated 

from resonant frequencies determined in 

vibration tests. The vibration test is more 
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accurate; especially when the loading condition 

between a product and cushion may be uncertain. 


While Godshall studied only single degree 

of freedom systems, my earlier work [6,7] pro­

posed a new theory and a computer program for 

multiple degree of freedom systems. Calcula­

tions with representative spring rates and 

damping characteristics of corrugated con­

tainers explained why disturbances at only the 

lowest of multiple natural frequencies inherent 

to a unitized load cause problems. One example 

trial of my computer program evaluated a unit­

izing arrangement in a theoretical shipping 

environment for dynamic compression of the 

bottom containers. 


The investigation by Ostrem and Godshall 

[8] quantified the actual shipping environment 

for unitized loads. Figure 7 in their report 

summarizes the envelope of truck vibrations 

and suggests that calculating the response of 

unitized loads for a 0.5 G acceleration dis­

turbance predicts the hazards associated with 

this mode of shipping. 


This previous research thus established 

the following principles leading to this study: 

(1) Repeated loading tests predict the spring 

rates of corrugated containers; (2) spring 

rates of cushions are determinable from vibra­

tion tests; (3) corrugated fiberboard systems 

are damped at about 0.115 times the critical 

damping value; (4) the first natural frequency 

is of primary concern, and the truck transpor­

tation environment normally excites that fre­

quency; and (5) vibration disturbances in 

trucks are typically about 0.5 G in magnitude. 


OBJECTIVE AND SCOPE 


The objective of this report is to explain 

how the spring rates of cushions and containers 

amplify the compressive weight force of a unit­

ized load during truck transportation. This 

study starts by measuring spring rates of com­

binations of corrugated containers and plastic 

bottles. The experiments lead to a formula for 

predicting the spring rates of containers in 

different tiers of a stack. A theory proposes 

the behavior of a unitized load having defin­

able ratios among its components' spring rates. 

The spring rates of cushions enter the theory 

as a means of reducing the dynamic response of 

a stack. A spring-mass model of a unitized 

load guides the theory through a matrix 

analysis for which a set of dimensionless 

parameters greatly reduces the number of 

variables. 


While transportation vibrations can disar­

range a unitized load or resonate the contents, 

the primary mode of damage considered in this 

report is compression of the bottom containers. 

The theory treats a specific type of package 

wherein the innermost contents carry no load, 

although the interior package might share the 

load with the box. Moreover, these contents 




act like lumped masses suspended on cushions 

resulting from actual cushions within the 

boxes, the complianceof interiorpackages, or 

when the contents are soft, their own 

compliance. 


The general principles ofvibration isola­

tion discussed in [9] indicate the significance 

ofmaterialdamping. Althougharbitrarycush­

ioning materials may encompass widevariations 

indampingcharacteristics, this studycon­

siders only one damping ratio typical of corru­

gatedfiberboard. An application of the theory

calculatescompressiveloadsforcombinations 

of spring rates and numbers of unitized tiers. 

The results suggest ways to reduce the strength 

requirement of boxes used in unitized loads. 


TEST MATERIAL AND PROCEDURE 


A repeated loading test top-loads a con­

tainer to an equilibrium value equal to the 

staticload itnormally supports thenrepeat­

edly raises and lowers the load to simulate 

vibrations and establish a linear section of 

the load deformation trace. A series of re­

peated loading tests for this studymeasured 

the spring rates of corrugated Containers and 

plastic waterbottles. The bottles were nomi­

nal 1-gallon, commercialplasticbottles for 

distributingdistilledwater. The boxes were 

nominal 200-pound C-flute commercial, regular-

slotted containers intended for thebottles. 


To test the effect of load sharing between 

the bottles and the box, 16 test units were 

separated into fourarrangements. Units 1-9 

were tested in the normal arrangement of a box 

containing six bottles filled withwater. 

Tests of units 10-13 used a box with six sand 

filledbottles having cut-down tops. Each 

bottle contained 3.8 kg of sand. This arrange­

ment concentrated the top load in the box while 

providingthe normal lateralpressure. 


The reverse arrangementwhereby the 

bottles carried all of the load was used for 

testing units 14 and 15. The midsection about 

the perimeter of each box was cut away and 

the box contained sixwater-filledbottles. 

Unit 16 consisted of six water-filled bottles 

with no box. 


To test the effect of environmental con­

ditions, the tests were conducted at three 

differenttemperaturesandrelativehumidities 

(RH). Units 1-3 and 16 were tested at 73°F and 

50 percent RH; units 4-6, at 80°F and 30 per­

cent RH; and units 7-15, at 80°F and 90 percent 

RH. Containerpreparation followedthenormal 

preconditioning in a dryenvironment according 

to ASTM D 685-73 [10] with subsequent condi­

tioningat theprescribedtestingenvironment. 

Conditioning timeswere longenough to ensure 

an equilibriummoisture content ofthe 

material. 


A check was made for vibrational work 

hardening. While other units were unused prior 

tocompressiontests, units 10-12 consisted of 

containers used inprevious vibration tests 

performed at 30 and 90 percent RH for another 

study. 


Eachunit underwent 16repeatedloading 

tests. Each test first compressed the con­

tainer between two parallel platens at a rate 

of 42.3 µm/s up to an equilibrium load (EL) 

followed by repeatedly raising and lowering the 

load with an amplitude determined as a per­

centage of the EL. The 16 tests consisted of 

all combinations of 4 EL'S and 4 percentages 

ofEL. 


Equilibrium loads of 25, 50, 75, and 

100 kg duplicated the static top load per con­

tainer due to the upper four tiers of a stack. 

Repeated loading and unloadingbetweenampli­

tudes of 25, 50, 75, and 100 percent of each 

ELsimulateddifferentvibrationmagnitudes. 


Load was measured with an electronic 

transducer attached to the bottom platen and 

deformation with a drum recorder whose rotation 

was mechanicallyproportional to the displace­

ment of the upper platen. Five cycles of 

loading were enough to produce a repeatingload 

deformationtrace. 


DATA AND ANALYSIS 


The spring rate of a container equals the 

slope of a tangent drawn at the EL to the trace 

produced by the final increasing load. The 

spring rate data appear in Table I. 


Spring rates of the containers in 

units 1-15 follow the empirical formula 


(1) 


P is the EL and Kp is the spring rate at that 


load. W is a reference load and Kw the corre­


spondingspringrate. r is an empirical con­

stant. Amodified formula represents condi­

tions in a unit load by considering only values 

of P and Kp identified with each tier. Let the 


reference load, W, equal the unit weight per

container and number the tiers 1, 2,...N as 

shown in Figure 1 beginning with the second 

tier from the top. If n = P/W, equation (1) 

reducesto 


(2) 


where Kn is the spring rate at tier n. 
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Table 1.--Container spring rates 




ML83 5399 

Figure 1.--Representation of a unitized load. 

The tiers are numbered to match the static 

loading condition. 


Equation(2) reduces the measured spring 

rates K1, K2, K3, and K4 to predicted param­


eters in terms of K1and r for each repeated 


loading amplitude of each group of data. The 

values of K1 and r fitting the data appear in 

Table11. 


Table 11.--Parameters K1 and r determined from 


repeated loading data 


Figures 2 and 3 show some representative 

plots of the data and average characteristics. 

As evidenced in Figure 2, higher repeated 

loading amplitudes cause lower spring rates. 

Table 11, however, suggests that the effect of 

amplitude on the predicted r's is not serious. 


ML83 5401 

Figure 2.--Spring rate versus equilibriumload 

for top-loaded corrugated containers and 

plastic bottles of units 1-3. The points 

represent the data. The curves fit 

equation (1) to data obtained with 25, 50, 

75, and 100 percent repeated loading 

amplitudes. 
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Figure 3 shows the effects of the different 

arrangements, environments, and prior use. A 

comparison among units 1-3, 4-6, and 7-9shows 

the combined effects of temperature and 

humidity. The contribution of load sharing by 

the bottles becomes evident by comparing 

units 7-9with unit 13 and units 14, 15. Work 


follows the same steps where, after associating 

equations of equilibrium with the degrees of 

freedom, it arranges the equations for a matrix 

solution. To simplify the analysis the theory 

introduces six dimensionless parameters, of 

which N and r have already been mentioned. 


hardening permanently deforms the paperboard 

material and increases the spring rates of 

lightlyloaded containers. Comparing 

units 10-12 with unit 13 shows this effect. 


ML83 5400 

Figure 3.--Spring rate versus equilibrium load 

with a repeated loading amplitude of 50 per­

cent of the equilibrium load. The points 

represent the average data. The curves fit 

equation (1) to the data. 


A series of repeated loading tests can 

be abbreviated by testing only two containers. 

Determine spring rates, K1 and KN for the 


second and bottom tiers in a unit load and 

calculate r from 


Of course extra tests check the variability. 


THEORY 


The diagram in Figure 4 represents a unit­

ized load with cushioned, non-load-bearing 

masses. A model with N masses has 2N degrees 

of freedom corresponding to a unit load with 

N + 1 tiers. My step by step analysis of a 

similar model appears in [6,7]. This theory 
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ML83 5398 

Figure 4.--Representation of a unitized load as 

a spring-mass system. The degrees of freedom 

are numbered for calculating the dynamic 

loadingcondition. 


The weight of the contents of each con­

tainer is lumped into a mass m. All masses 

being equal gives 


( 4 )  


The interior springs represent cushions and 

remain equal provided the container compression 

does not interfere with the mass vibration. 

Call the spring rate of the cushions Kc and let 


the dimensionless parameter F be the cushion­

to-container spring ratio. 




(5) 


The corresponding stiffness values become 


(6) 


The outer springs follow the behavior of 

top-loaded containers becoming increasingly 

stiffer progressing down the stack. Starting 

with element k2N identified with tier 1, and 


being careful to note the difference between 

tier numbers in Figure 1 and spring numbers 

in Figure 4, the stiffness values are 


(7) 


The assumption of viscous damping 

explained Godshall's data [3] reasonably well 

and is extended here to a unitized load. If 

the critical damping associated with each 

dashpot is 


(8) 


and all elements have equal damping ratios, 

they take on damping values given by 


(9) 


The mass matrix [M] of size 2N x 2N is 

constructed from the identity submatrix [I] and 

the zero submatrix [0] both of size N x N. 


(10) 


The stiffness matrix [S] of size 2N x 2N is 

partitioned into submatrices [S11], [S12], 


[S21], and [S22] all of size N x N. The parti­


tions are constructed according to equations 


(11) 


where [R] appears in Table 111. The complete 

form of [S] is finally 


(12) 


The damping matrix [D] is partitioned as [S] 

was according to 


(13) 


Its construction follows a similar pattern 

given by equations 


(14) 


where an element of is equal to the sum 

of the square roots of each term in the cor­

responding element of [R]. See Table 111. 


To exclude degrees of freedom having no 

mass, the condensed stiffness matrix [Sc] is 


determined by the static condensation method 

discussed by Clough and Penzier [11]. [Sc] 

of size N x N is calculated from 


(15) 


which reduces to 


(16) 


The natural frequencies of the system are 

determinable by solving for the frequencies 

that make the determinant 


(17) 


This formula is made, dimensionless by intro­

ducing the natural frequency factor f to define 


(18) 
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Table III.--Construction of matrices [R] and 


Substitutingequations (10), (16), and (18) 

into (17) gives 


(19) 


of which the smallest solution f1 yields the 


first natural frequency 


The disturbancevector {Y} of size 2N x 1 

isconstructed from real and imaginary compo­

nents of a sinusoidal displacement of infinite 

duration. The disturbance occurring only at 

the bottom makes all except one of the elements 

in {Y} equal zero. {Y} ispartitioned intothe 

complex zero vector {O,O} and a complex sub-

vector {Y'} both of size N x 1 with 


(20) 


where the displacement amplitude is normalized 

to unity. The complete form of {Y] is 


(21) 


The response vector {X} is the set of com­

plexnumbers representingsinusoidsassociated 


with the steady state motion of the degrees of 

freedom and ultimately results from {Y}. {X} 

has size 2N x 1 and is calculated from 


(22) 


where j is the imaginary unit. This formula 

is made dimensionless by combining previous 

equations to get 


(23) 


where expressions FI and represent 

matrices F [I] and [I]. 


APPLICATION 


Overcompressionof thebottom container 

causes stack failure. Themaximum compression 

equals the amplitude of the difference between 
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sinusoids XN+1 and Y occurring at as given 


by Repeating the previous analysis 


leading to equation (23) with units of accel­

eration instead of displacement yields the 


plying this maximum by the spring rate of the 

maximum compression Multi­


bottom container gives the dynamic Compressive 

load 


(24) 

The total load on the box due to statics 

and dynamics is Pd + W·N. The following is. 


an assessment of a worst-case condition for 

loading based on the information of Ostrem and 

Godshall [8] that the envelope of truck vibra­

tions includes the natural frequencies of most 

unitized loads, and exerts acceleration levels 

on the order of 0.5 G. The results give the 

total multiplication of unit weight the bottom 

container is likely to experience in terms of 

the dimensionless total compressive loading 

factor Ct. 


(25) 


Values of Ct were calculated for various 


unit loads with different combinations of r, 

F, and N. The values -0.2 < r < 1.6 encom­

pass typical values indicated by the repeated

loading data. The values 0.001 < F < 100 check 

the effects of relatively very soft to rela­

tively very hard cushions. All calculations 

assumed = 0.115. 


Figure 5 shows the effects of r and F on 

Ct for a four-tier stack. Static conditions 


would normally load the bottom container to 

three times its weight. The results show that 

the maximum total load during shipping can 

attain about 16 times the unit weight for the 

lowest r value found in this study. The cause 

of dynamic compression shifts around F = 1. 

When Kc > K1 the system is "hard" with the 


cushions becoming increasingly less effective 

with higher spring rates. Ultimately, the 

cushions act as though they were rigid. While 

changing K1 or Kc (and thus F) has little 


effect on Ct, increasing r reduces Ct. With 


effectively rigid cushions the rate of con­

tainer deformation with increasing top loads 

governs the magnitude of dynamic loading. 


When Kc < K1 the system is "soft" with 


the cushions becoming more effective as their 
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ML83 5396 

Figure 5.--Contours of constant load multipli­

cation factors Ct calculated for combina­


tions of r and F in a four-tier unitized 

load. The calculations assume = 0.115. 


spring rates decrease. While increasing K1 or 


reducing Kc reduces Ct, changing r has little 


effect on Ct. If the cushions have spring 


rates lower than the containers', the magnitude

of loading results primarily from the spring 

rate of the cushion relative to that of the 

container. 


The shift in the mechanism of dynamic com­

pression makes sense considering how vibration 

energy gets absorbed throughout the stack. If 

the system is "hard", the response of each tier 

is effectively added until the bottom container 

resists all the action. If the system is 

"soft", each container absorbs some energy 

thereby reducing the cumulative response. 


The effect of stack height is determinable 

by comparing previous values of Ct to values 


calculated for a ten-tier stack (Fig. 6). The 

shift between a hard and soft system is again

evident and rigid cushions are now possible at 

lower spring rates. If the unit weight remains 

unchanged, static conditions would load the 

bottom tier of a ten-tier stack three times 

that of a four-tier stack. A representative

Ct = 90 corresponds to about Ct = 15 in 


Figure 5, indicating that the expected total 

load is actually six times more than that of 

a four-tier stack. Additional tiers are thus 

more severe not only because they weigh more, 
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Figure6.--Contours of constant loadmultipli­

cation factors Ct calculated for combina­


tions of r and F in a ten-tier unitized 

load. The calculations assume = 0.115. 


but because their weight gets increasingly

amplifiedduringshipping. 


CONCLUSIONS 


The top-to-bottomstrengthrequirementsof 

unitized corrugated containers may exceed the 

normal static strength requirementdependingon 

the compressive loads causedby transportation 

vibrations. The spring rates of top-loaded 

containers and cushions areprimaryproperties

determiningdynamicloads. 


This report proposes new ideas about the 

progressivedeformationofcorrugatedcon­

tainers with loading, using a set of dimension­

less parameters, r, F, N, f, and Ct, which 


reduces the numbers of variables involved with 

calculatingthe response. Thepermanent 

yielding of material around the top of the box 

increases its spring rate and superior boxes 

yield graduallywith lower tier position. 

Inferiorboxes thatdeformexcessivelyduring 

initial loading cause high dynamic loads by 

equalizing the spring rates of the lower tiers. 


Repeated loadingexperimentsprovideddata 

on typical spring rates of corrugated con­

tainers and plastic bottles. The spring rates 

increasedwithgreater equilibriumloads dueto 

yieldingofmaterial. Flatteningthehori­

zontal scoreline, and pressing the bottle caps

into the box flaps are primary causes of higher 


spring rates with increased loading. As con­

tainersarestacked, the spring rate of each 

tier progressively decreases from the bottom 

tier to the top tier. Thus, by increasing the 

rate of changing stiffness in the various tiers 

usinginserts, scorelinestiffness, interior 

package, etc. the dynamic load can be reduced. 


This report also shows how the spring 

rates of cushions can affect the dynamic 

loadingofcontainers. Cushionshavingspring 

rates lower than those of the containers absorb 

vibrationsand significantlyreducethecom­

pressive loads. Extending the concept of a 

cushion implies that interior packages could be 

arranged to take advantage of their inherent 

cushioningability. 


The effects of progressive deformation and 

of cushions become more pronounced with more 

tiers. To reduce the dynamic load on the bot­

tom tier you should therefore minimize the am­

ber of tiers, make containers that hold their 

shape with top loading, and softly support the 

contents using cushions or an effective 

arrangement of interior packages. It should be 

noted that excessively soft cushions could 

bottom-out and result in a damaged product. 
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DISCUSSION 

Mr. Reed (Naval Surface Weapons Center, Session 
Chairman): I noticed that your data on the 
truck and train vibration went up to 100 Hz. 
That seems contrary to what is more or less 
standard practice. 

Mr. Urbanik: The data are based on a 
compilation of about four major studies of the 
rail and truck transportation environments. It 
is based on the maximum expected acceleration 
level. There are some more statistically
sophisticated presentations of the data, but the 
approach I used was a simplification that has 
been documented to smooth out the existing data. 
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