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ABSTRACT

Mathematical expressions are derived for the stress
distribution in wood subjected to a concentrated load.
The orthotropic nature of wood was taken into account
in the derivation. The analysis was also used to deter-
mine the stress distribution in an orthotropic wedge
subjected to a concentrated load at its vertex.

FPL 54



STRESS DISTRIBUTION IN AN
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BY A.C.MAKI, Engineer

Forest Products Laboratory?
Forest Service
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INTRODUCTION

It is sometimes desirable in a stress-strain analysis to be able to approximate the stress condition
existing in the neighborhood of a concentrated load. It is the purpose of this paper to present an exact
mathematical solution to the problem as related to an orthotropic half-plane and an orthotropic wedge.

These problems have been solved by other authors®2 but results were not presented in a closed
useful form.

Conway‘-1 presents a straightforward solution with the stress distribution formulated as to be easily
worked with; however, in his solution he assumes a relationship between the elastic constants, which
in effect restricts the solution to a special form of orthotropy. The mathematical procedure in this
paper will closely follow that of Conway with the exception of maintaining general orthotropic behavior.

NOTATIONS

X, ¥ Cartesian coordinates coinciding with natural wood axis.

T, 0 Radial and tangential coordinates, respectively.

ey Extensional strain in the x direction.
lMaintained at Madison, Wis., in cooperation with the University of Wisconsin.
gBenthem, J.P. On the stress distribution in anisotropic infinite wedges. Jour.  Appl.

Math. XX1(3):189-198, Oct. 1963.
3

=Green, A.E., and Zerna, W. Theoretical elasticity. Oxford, Clarendon Press, 1954.

i‘Conway, H.D. Some problems of orthotropic plane stress, Jour. Appl. Mech. 20(1):72-76,
1953.



€ Extensional strain in the y direction.

y
e Shear strain.
Xy
oy Normal stress component in the x direction.
oy Normal stress component in the y direction.
%y Shear stress component associated with the x-y plane.
E Modulus of elasticity of natural axis of wood coinciding with x axis.
X
‘Ey Modulus of elasticity of natural axis of wood coinciding with y axis.
ny Modulus of rigidity associated with shear deformations in x-y plane.
u Poisson’s ratio of the contraction in the y direction to the extension in the x direction due to a
¥R normal tensile stress in x direction.
Hy Poisson’s  ratio of the contraction in the x direction to the extension in y direction due to a
Y normal tensile stress in y direction.
g0 Constants dependent upon the material properties.
¢ Airy stress function.
P Concentrated load, per unit width, positive indicating tensile and negative indicating compres-
Sive.
¢ Half of total wedge angle.

MATHEMATHCAL ANALYSIS

A. Half-Plane Subjected to a
Concentrated Load

The problem discussed is assumed to be an orthotropic solid in which the boundaries are assumed
to be far removed from the point of application of the concentrated load. In the analysis wood is con-
sidered to be orthotropic, and the thickness dimension is considered small so that the problem can be
treated as one of plane stress.

The reference axis and load application point are as presented in figure 1.

From the theory of elasticity, the equations of equilibrium are:

ch aox

= " -——lay = 0 (1)
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and the compatibility equation:

Xp Y = (3)

X
’
Y
Figure 1.--Half-planesubjected to a normal concentrated load.
For orthotropic materials;
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Also_ from the consideration of the strain energy of deformation of an orthotropic material it was
found:=

ey - Byx (7)
EX y

§U.S. Forest Products Laboratory. Stress-strain relations in wood and plywood considered

as orthotropic materials. FPL Rpt. 1503, 1944.



Therefore equations (4) and (5) may be written:

e, = —E—~(c - uxyoy)
X

£ = —'-u(o - U 0)

y Ey y yX X

It follows by substitution that a differential equation for ¢ is:

4 E 2u_ E 4 E 4
o oy oyt 2T, Ty a%e g
Bx4 G E 4

Xy X X Byz E>< oy

There are two constants which exist such that:

The differential equation can be reduced to a simpler form by making the change
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(11)

(12)

in variable:



Therefore equation (12) can be written:

where:

(13)

(14)

Equation (13) is now in a form similar to that given by Conway4 and use can be made of the method

and stress function ¢ he proposes. The stress function ¢ is in the Fourier integral form:

F _ B
: 1 (Ae—Bn + Be k) cosBxdB
32

[¢)

where A and B are arbitrary constants depending on k. This function yields the stresses:

2 2 - Bn
= 3.% = &__ﬁ_g; = B'?_ re BT 4 %e K }cospxds
y 2 3n 2 k

- BEn
) ) | . BT K .
Oxy - 3><8y B v‘ Bxan - V—-— f <Ae + ’k‘e > S nBXdB

The normal loading on the boundary, y = 0, can be representedé in the form:

limit P tnBc
c >0 -1?b/‘ cosBxdRB

where P is the load per unit width. At y = 0 the boundary conditions are:

0

o B _ bimit P singc
=0 = —f (A + B)cosBxdB = e % 0 Tr] e cosBxdB
y=0 e

[e]

P J BY .;
= Q0 = - <A+ k>s:n6><d6
y=0 Y 20

ag
Xy

(15)

(16)

(17)

(18)

(19)

(20)



since the  !imit sinBc _ = equation (19) can be written:
c+0 Bc N4

f<1;-+ A+ B) cosBxds = 0
(e}

Consequently:

P
A+B=-—
from equation (20):
B _
A+ i 0
Therefore:
A= - P
(1 - K) (21)
z Pk. .
ST ) (22)

The stresses can now be written:

o

| [ - |
O% =~ F(_I"TF"TZTEE f e Bcospxds - Jp{f e ! cospxds

P + K)x2n
naz(x2 + nz)(kzx2 + nz)
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Similarly:

PO+ k)n3

0 =
¥ O al® e n PR # i)

. - PO+ K)xn®
XY gy uz(xz + WM+ 0o

However, since n = —L—, the stresses can be written in the original coordinate system as:
V’&E .
2
(Va + Vo )Px y
O = 2|'2 22 ) (23)
n(azx +y )(alx + y7)
(Ve + Va
- ! 2
9 = 7 7 Z, 2 (24)
4 TI'(OLZX +y )(a'x +y7)
(,Votl + Vaz)nyZ
%y = 2, 2 7. 2 (25)
4 w(-uzx +y )(a"x + y9)
The stresses may also be expressed in polar form, by making the substitution:
y = rcose
x = rsing
2= 2
Therefore:
o= KsinZS
X
Oy = Kcosze (26)
= Ksin@coso
Xy



where:

(Vot' + Vuz)Pcose
K. =ty 3 5D 7] (27)
wr [alazsin 6 + (al +a2)sin 6cos” 8 + cos 9]

The stresses may be written in polar form by means of the transformation equations:6

\
g =0 00526 + 0 sin26 + 26 sinBcoss
r y X Xy
0, =0 sinze + 0 cosze - 20 sinBcos 28
o~ % x T L0y Y r (28)
0 = ~g sinbBcosh + o sineéose + ¢ '(cosze - sinze)
ro ¥ X xy
resulting in:
o =K
r
gy = 0 (29)
g =0

B. Orthotropic Wedge Subjected
to_an Axial Concentrated Load

The results of part A are in a form as to be readily adaptable to the solution of an orthotropic
wedge subjected to an axial concentrated load, as illustrated in figure 2.
For such a problem, assume the stress distribution in the form:

O T 2 ;2\0056 7 2 (30)
r(alsin 8 + cos e)(azsin 8 + cos" @)

6y =0 (31)

o . =20 (32)
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where the constant A is determined from the condition of vertical equilibrium, or

y . :
2 ’ Acos® - rcosede _
., 2 2 2 2 =P
r(alsm 8 + cos e)(azsin 6 + cos™0)
(o)

P

Figure 2.--Orthotropic wedge subjected to an axial concentrated load.

Therefore:
3 P
"= 2 4 c0526d6
f (ulsin29 + Cosze)(azsinze + cosze)
o]
Integrating, it can be found
(otl - a2)P

A= :
2 [Vul j‘an_l( Va' tany) = \/az fan 4 Va2 Tan‘i’)]



The stresses can now be written:

(ul - aZ)Pcose
o

« 2r(a'sin29 + ‘cosZB)(azsinze + 'cosze)[ Vot!- Tan"'( chl tan¥) - Y o, Tan~_|( V o, 'fan‘l’)]-

0y = 0
Opg = 4]
In the x-y plane, the stresses may be written:
- 2
oy = 0 _cos 0
6 =0 sinze
X r
ny = ors]necose

\
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